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g_ñ`m AZ{H$, CÎma EH$

1. odf`-‡d{e :
"hJrO EH$, ‡gßJ AZ{H$' Aer EH$ AmoU "AmOma AZ{H$ gwajm EH$'

Aer Xwgar EH$ OmohamV XyaoMÃdmUrda H$Yr H$Yr oXgV{. À`mVyZ "‡˝
AZ{H$ Agb{ d À`m gdm™_‹ {̀ ododYVm Agbr Var À`m gdm™Mr CH$b EH$M
AgV{' Ag{ À`mßZm gwMdm`M{ AgV{. h{ EH$ ‡H$maM{ EH$sH$aU (unificaton)

Amh{. ^m°oVH$s_‹`{ od⁄wV-‡{aUm (electric force), Mwß]H$s` ‡{aUm
(magnetic force), JwÍ$ÀdmH$f©Ur` ‡{aUm (gravitational force) Aem
oZaoZam˘`m ‡{aUmßM{ EH$sH$aU H$Í$Z À`mVrb H$mhr ‡{aUm EH$mM ‡H$ma¿`m
‡{aU{M{ ododY AdVma AgÎ`mM{ XmIod `mM{ ‡`ÀZ hm{V Amb{ Amh{V.
JoUVmV EH$mM odYmZm¿`m AJXr o^fi o^fi og’Vm Agy eH$VmV. ([hm :
dmB© VmbwH$m JoUV A‹`m[H$ _ßS>imZ{ ‡H$moeV H{$b{br [wÒVH{$ : "odYmZ EH$-
og’Vm AZ{H$,' ^mJ 1, 2 ). À`mM‡_mU{ H$mhr oZaoZam˘`m ‡˝mßM{ ÒdÍ$[
daH$aUr AJXr d{Jd{J˘`m ‡H$mamßM{ AgÎ`mM{ oXgyZ Amb{ Var, À`mß¿`m
AßV`m©_r EH$ AYm{a{oIV YmJm Agm Agy eH$Vm{ H$s À`mdÍ$Z AJXr o^fi
o^fi ^mgUmË`m gd© ‡˝mßM{ CŒma EH$M `{V{. Ag{ KS>U{ AZ[{ojV d
Am¸ ©̀H$maH$ dmQ>b{ Var, JoUV À`m _mJrb gÀ` CbJSy>Z XmIdy eH$V{.
`mgmR>r Am[U d{Jd{J˘`m [napÒWVrVyZ CX≤̂ db{Î`m AmR> g_Ò`m A‰`mgỳ m
d À`mßMr CŒma{ em{Yỳ m.

2. g_Ò`m 1
n (= 3, 4, 5, 6, 7, ......) ]mOy Agb{br (AmoU À`m_wi{ AWm©VM

oVVH{$M H$m{Z Agb{br) gwg_ ]h˛^wOmH•$Vr ø`m. (CXmhaUmW©, g_^wO
oÃH$m{U, Mm°ag, gwg_ [ßMH$m{Z, gwg_ fQ>H$m{Z,... BÀ`mXr. Ï`m[H$X•ÓQ>Ám `m
AmH•$À`mßZm gwg_ n - H$m{Z qH$dm gwg_ n - ŵOmH•$Vr Ag{hr ÂhUVmV.)
oV¿`m oeam{q]XyßZm Zmd{ ⁄m. `m AmH•$VrM{ EH$_{H$mßZm Z N>{XUma{ H$U© H$mTy>Z hr
gwg_ ]h̨ ŵOmH•$Vr EHy$U oH$Vr ‡H$ma{ n - 2 oÃH$m{UmV od^mJVm {̀B©b ?

Q>r[ (1) : gwg_ ]h̨ ŵOmH•$Vr¿`m oeam{q]XyßZm Zmd{ oXbr Amh{V. ¯m_wi{ Vr
od^mJyZ o_iUmË`m oÃH$m{Um¿`m oeam{q]XyßZmhr Zmd{ AgVrb. EIm⁄m
od^mJUrVrb EH$m oÃH$m{UmM{ Zmd Oar XwgË`m od^mJUrVrb oÃH$m{Umß¿`m

A[©U [oÃH$m

_mZdr OrdZmV ̂ mD$ d ]hrU ̀ m ZmÀ`mßM{ ode{f ÒWmZ AgV{. gd©gmYmaUV:
EH$mM o[T>rV _m{S>UmË`m `m Ï`∫$s AgVmV. ( {̀D$ KmVb{Î`m, ZÏh{, Odi
Odi {̀D$Z R>{[b{Î`m, EH$M A[À` Ag `m¿`m Hw$Qy>ß][X≤YVr_wi{, ‡À {̀H$mbm
^mD$ ]ohU Ag{bM Ag{ Zmhr Aem pÒWVr‡V g_mO {̀D$Z [m{hm{Mbm Amh{,
d hr ]m] g_mOemÒÃkmßZm qMV{Mr R>amdr.) _bm d _m¬`m gÀerb d oZÓH$[Q>
[ÀZrbm `m ]hrU-^mD$ ZmÀ`mßMm CÀV_ AZŵ d o_imbm. AmÂhm C^`VmßZm
`m oZÏ`m©O, d oZIi ÒZ{hmMm AZŵ d X{Uma{ Am_M{ ^mD$- ]ohU d À`mßM{
OrdZgmWr (spouse) `mßZm ÒZ{h[yU© ^o∫$^mdmZ{ hr H•$Vr A[©U H$a `mV
_bm Y›`Vm dmQ>V{. hr _ßS>ir Amh{V :

lr. lroZdmg (C\©$ em_) JOmZZ, d gm°. e°bOm lroZdmg oQ>H{$H$a
gm°. AZwamYm (nee Aß]y) a_{e, d lr. a_{e A.AiV{H$a
Hw$. gwYm JOmZZ oQ>H{$H$a
H°$. gm°. AmaVr(nee ‡^m) dgßV, d lr. dgßV g. H$a_iH$a
gm°. [wÓ[m (nee oZ_©bm) gŵ mf, d lr. gŵ mf am. Zda{
H°$.lr[mX (C\©$ a_{e) JOmZZ oQ>H{$H$a
Hw$. odO`m (C\©$ bVm) JOmZZ oQ>H{$H$a
H°$. Zmam`U am_H•$ÓU, d H°$. b˙_r Zmam`U OmdS>{H$a,
H°$. dgßV am_H•$ÓU, d H°$. gm°. ‡^mdVr dgßV OmdS>{H$a,
lr_Vr _ßXmoH$Zr dgßV OmdS>{H$a
H°$. BßoXam (nee _mbVr) XŒmmÃ`, d H°$. XŒmmÃ` Zmam`U AbwaH$a
lr._YwgyXZ am_H•$ÓU, d gm°. [wÓ[m _YwgyXZ OmdS>{H$a
gm°. gab (nee eHwß$Vbm) am_Mß–, d lr. am_Mß– ]miH•$ÓU R>H$ma
lr. _wHyß$X am_H•$ÓU, d gm°. Cfm _wHyß$X OmdS>{H$a,
H°$. gm°. dgwYm _wHy$ßX OmdS>{H$a

- d.J. oQ>H{$H$a
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ZmdmßȟZ oZami{ Ag{b Var À`m Xm{Z od^mJ `m d{Jd{J˘`m AgÎ`mM{ _mZb{
OmB©b. ÂhUO{ d{Jd{J˘`m Ao^_wIVm (orientations) d{Jd{J˘`m _mZÎ`m
OmVrb. AWm©V ∆ PQR, ∆PRQ, ∆ QPR,  ∆QRP,  ∆RPQ, d ∆RQP

hr Zmd{ o^fi o^fi Agbr Var Vm{ EH$M oÃH$m{U AgÎ`mM{ Yab{ OmB©b. d h{ gd©
oÃH$m{UmßZm bmJy Amh{.

CŒma : (1)g_ ŵO oÃH$m{U ∆ ABC ø`m. {̀W{ n = 3 ÂhUyZ n - 2 = 1.

oÃH$m{Um¿`m _YyZ OmUmam H$U© ZgVm{M. À`m_wi{ AWm©VM
∆ABC hm EH$m oÃH$m{UmV EH$mM ‡H$ma{ od^mJVm {̀B©b
(AmH•$Vr 1). ∆ ABC Mr ,  ∆ ABC hrM EH$ od^mJUr hm{B©b.

(2) Mm°ag ABCD ø`m. {̀W{ n = 4. ÂhUyZ n - 2 = 2. Mm°ag ABCD ¿`m,
À`m¿`m EH$_{H$mßZm Z N>{XUmË`m H$Um™_wi{, 2 oÃH$m{UmV EHy$U 2 ‡H$ma{
od^mJ `m H$aVm {̀Vrb. (AmH•$Vr 2 d 3)
od^mJUr 1 = { ∆ ABD, ∆ BCD}. od^mJUr 2 = { ∆ ABC, ∆ ACD}

Q>r[ (2): Mm°agm¿`m oeam{q]XyßZm Zmd{ Z oXÎ`mg AmH•$Vr 2 bm KS>ÁmimM{
H$mQ>{ ¡`m ‡H$ma{ o\$aVmV À`m‡H$ma{ 900 _YyZ o\$aodÎ`mg AmH•$Vr 3 o_i{b
d À`md{ir AmH•$Vr 2 _Yrb ∆ ABD hm AmH•$Vr 3 _Yrb ∆ ABC gmaIm
oXg{b. ÂhUO{ AmH•$Vr 2 d 3 `mßMr Ao^_wIVm (orientation) d{Jd{Jir
Amh{. ÂhUyZ Q>r[ (1) _‹ {̀ d{Jd{J˘`m Ao^_wIVm d{Jd{J˘`m od^mJ `m X{VmV
Ag{ AmdOy©Z gmßoJVb{ Amh{.

(3) gwg_ [ßMH$m{Z ABCDE ø`m. {̀W{ n = 5 d À`m_wi{ n - 2 = 3. gwg_
[ßMH$m{Z ABCDE ¿`m, À`m EH$_{H$mßZm Z N>{XUma{ H$U© H$mTy>Z, ‡À {̀H$s 3
oÃH$m{UmV EHy$U 5 oZaoZam˘`m ‡H$ma{ od^mJ `m H$aVm ̀ {Vrb (AmH•$Vr
4, 5, 6, 7, 8) :

od^mJUr 1 = {  ∆ ABE, ∆ BEC, ∆ CED } (AmH•$Vr 4)

od^mJUr 2 = { ∆ ABE, ∆ BDE, ∆ BCD } (AmH•$Vr 5)

od^mJUr 3 = { ∆ ABC, ∆ ACE, ∆ CED } (AmH•$Vr 6)

od^mJUr 4 = { ∆ ABC, ∆ ACD, ∆ ADE } (AmH•$Vr 7)

od^mJUr 5 = { $∆ ADE, ∆ ABD, ∆ BCD } (AmH•$Vr 8)

(4) gwg_ fQ>H$m{Z ABCDEF ø`m. {̀W{ n = 6; ÂhUO{ n - 2 = 4. gwg_
fQ>H$m{Z ABCDEF ¿`m, À`mM{ EH$_{H$mßZm Z N>{XUma{ H$U© H$mTy>Z, ‡À {̀H$s
4 oÃH$m{UmV EHy$U 14 oZaoZam˘`m ‡H$ma{ od^mJ `m H$aVm `{Vrb
(AmH•$À`m 9 V{ 22) :

od^mJUr 1 = { ∆ ABC, ∆ ACD, ∆ ADE, ∆ AEF } (AmH•$Vr 9)

od^mJUr 2 = { ∆ ABF, ∆ FBE, ∆ EBD, ∆ DBC } (AmH•$Vr 10)

od^mJUr 3 = { ∆ ABC, ∆ ACF, ∆ FCE, ∆ ECD } (AmH•$Vr 11)

od^mJUr 4 = { ∆ DBC, ∆ DAB, ∆ DFA, ∆ DEF } (AmH•$Vr 12)

od^mJUr 5 = { ∆ EFA, ∆ EAB, ∆ EBC, ∆ ECD } (AmH•$Vr 13)

od^mJUr 6 = { ∆ FAB, ∆ FBC, ∆ FCD, ∆ FDE } (AmH•$Vr 14)

AmH•$Vr 1 :
g_ ŵO ∆ ABC Mr

EH$_{d od^mJUr

AmH•$Vr 2 :
Mm°ag ABCD

Mr od^mJUr 1

AmH•$Vr 3 :
Mm°ag ABCD

Mr od^mJUr 2

AmH•$Vr 4 :
gwg_ [ßMH$m{Z
ABCDE Mr
od^mJUr 1

A

CB

A B

D C

A B

CD

E

A

B

CD

AmH•$Vr 5 : gwg_ [ßMH$m{Z
ABCDE Mr od^mJUr 2

AmH•$Vr 6 : gwg_ [ßMH$m{Z
ABCDE Mr od^mJUr 3

AmH•$Vr 7 : gwg_ [ßMH$m{Z
ABCDE Mr od^mJUr 4

AmH•$Vr 8 : gwg_ [ßMH$m{Z
ABCDE Mr od^mJUr 5

A

D

E
B

C

A

E

D C

B

A A

E

D C

B E

D
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od^mJUr 7 = { ∆ ABC, ∆ ACD, ∆ ADF, ∆ FDE } (AmH•$Vr 15)

od^mJUr 8 = { ∆ ABC, ∆ ACF, ∆ FCD, ∆ FDE } (AmH•$Vr 16)

od^mJUr 9 = { ∆ DBC, ∆ EFA, ∆ EAB, ∆ EBD } (AmH•$Vr 17)

od^mJUr 10 = { ∆ DBC, ∆ EFA, ∆ DAB, ∆ ADE } (AmH•$Vr 18)

od^mJUr 11 = ${∆  ABF, ∆ ECD, ∆ FBC, ∆ FCE } (AmH•$Vr 19)

od^mJUr 12 = { ∆ ABF, ∆ ECD, ∆ FBE, ∆ EBC } (AmH•$Vr 20)

od^mJUr 13 = { ∆ ABC, ∆ AEF, ∆ ECD, ∆ ACE } (AmH•$Vr 21)

od^mJUr 14 = { ∆ ABF, ∆ DEF, ∆ DBC, ∆ BFD } (AmH•$Vr 22)

darb odd{MZ d À`mda AmYmnaV AmH•$À`m 1 V{ 22 dÍ$Z gwg_
n - ŵOmH•$Vr, oVM{ EH$_{H$mßZm Z N>{XUma{ H$U© H$mTy>Z n - 2 oÃH$m{UmV oH$Vr
oZaoZam˘`m ‡H$ma{ od^mJVm {̀V{ hr _mohVr H$m{Ô>H$ 1 _‹ {̀ EH$Ã H{$br Amh{.

H$m{Ô>H$ 1

gwg_ n - ŵOmH•$Vr¿`m 3 4 5 6 .....

]mOyßMr gßª`m n

EH$_{H$mßZm Z N>{XUma{ H$U© 1 2 5 14 .....

H$mTy>Z o_iUmË`m n - 2 (AmH•$Vr (AmH•$Vr (AmH•$Vr (AmH•$Vr

oÃH$m{U AgUmË`m 1) 2 d 3) 4 V{ 8) 9 V{ 22)
od^mJ `mßMr gßª`m

Q>r[ (3) : da XmIodb{Î`m 14 ‡H$mamßÏ`oVna∑V BVa H$m{UÀ`mhr ‡H$ma{
gwg_ fQ>H$m{Z ABCDEF Mma oÃH$m{UmV (EH$_{H$mßZm Z N>{XUma{ H$U© H$mT>b{
AgVm) od^mJmV ̀ {Uma Zmhr ̀ mMr AmH•$À`m H$mTy>Z dmMH$mßZr ImÃr H$Í$Z ø`mdr.

Q>r[ (4) : `mM‡_mU{ gwg_ g·H$m{Z, gwg_ AÔ>H$m{Z BÀ`mXr (ÂhUO{
n = 7, 8, 9, ..... AgVm) gwg_ n - ŵOmH•$Vr, À`mßM{ EH$_{H$mßZm Z N>{XUma{
H$U© H$mTy>Z, oH$Vr oZaoZam˘`m ‡H$ma{ n - 2 oÃH$m{UmV od^mJVm {̀VmV h{
dmMH$mßZr A‰`mgmd{ d H$m{Ô>H$ 1 AmUIrZ dmT>dmd{.

Q>r[ (5) : `m b{ImVrb ‡À {̀H$ g_Ò {̀gß]ßoYV o_iUma{ H$m{Ô>H$ d H$m{Ô>H$ 1
`mßMr VwbZm H$arV ahmd{.

3.g_Ò`m 2 :
Amb{I-H$mJX ø`m. À`mda m d n h{ Xm{›hr [yUm™H$ AgVrb Ag{ oZX}eH$

q]Xy (m, n) _mßS>m. ¡`mßM{ m d n h{ Xm{›hr KQ>H$ [yUm™H$ Amh{V Aem oZX}eH$
q]XyßZm Amb{ImM{ OmbH$-q]Xy  (lattice points) ÂhUVmV. (0, 0) [mgyZ
gwÍ$dmV H$Í$Z (2n + 2, 0) [`™V (n = 1, 2, 3, 4, 5, 6, ....) oXb{b{ oZ`_
(AQ>r) [miyZ oH$Vr oZaoZam˘`m ‡H$ma{ OmVm ̀ {V{ h{ em{YyZ H$mT>m. ̀ m ‡dmgmM{
oZ`_ Ag{ Amh{V : (i) gwÍ$dmV (0, 0) d e{dQ> (2n + 2,  0) gm{Sy>Z j-
Ajmda H$Yrhr {̀Vm H$m_m Z {̀; (ii) H$m{UÀ`mhr q]Xy[mgyZ da dm Imbr \$∑V
OmbH$-q]XyßZr V`ma Pmb{Î`m bhmZmV bhmZ Mm°agmß¿`m H$Um™¿`mM oXe{Z{

AmH•$Vr 13 AmH•$Vr 14 AmH•$Vr 15 AmH•$Vr 16

AmH•$Vr 17 AmH•$Vr 18 AmH•$Vr 19 AmH•$Vr 20

AmH•$Vr 21 AmH•$Vr 22
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A

B

C D

E

F

B

A

C D

E

F

B

A

C D

E

F A

B

C D

E

F
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OmVm {̀B©b. j-Ajmbm dm `-Ajmbm g_mßVa ‡dmg H$aVm {̀Uma Zmhr.
(iii) EH$m OmbH$-q]Xy [mgyZ XwgË`m OmbH$-q]Xy [ ™̀VM J{b{ [mohO{; AmoU
(iv) ‡À {̀H$ [mD$b h{ [wT>{M ÂhUO{ AoYH$ j-oZX}eH$ Agb{Î`m q]XyH$S>{M
J{b{ [mohO{.

CŒma : 1) n = 1,  2n + 2 = 4

2) n = 2,  2n + 2 = 6

3) n = 3,  2n + 2 = 8

4) n = 4,  2n + 2 = 10

y

xo

2
1

1 2 3(4,0)

AmH•$Vr 23

y

xo
1
2
3

1 2 3 4 5 (6,0)

y

xo
1
2
3

1 2 3 4 5(6,0)

AmH•$Vr 24 AmH•$Vr 25

y

xo
1
2
3

1 2 3 4 5 (8,0)

AmH•$Vr 27

6 7

4

y

xo
1
2
3

1 2 3 4 5 (8,0)

AmH•$Vr 26

6 7

4

y

xo
1
2
3

1 2 3 4 5 (8,0)

AmH•$Vr 28

6 7

4
y

xo
1
2
3

1 2 3 4 5 (8,0)

AmH•$Vr 29

6 7

4

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 31

6 7

4
5

8 8

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 33

6 7

4
5

8 9

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 32

6 7

4
5

8 8

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 34

6 7

4
5

8 9

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 35

6 7

4
5

8 9

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 36

6 7

4
5

8 9

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 37

6 7

4
5

8 9

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 38

6 7

4
5

8 9

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 39

6 7

4
5

8 9

y

xo
1
2
3

1 2 3 4 5 (8,0)

AmH•$Vr 30

6 7

4

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 40

6 7

4
5

8 9
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AmH•$Vr 23 V{ 44 dÍ$Z n ¿`m oZaoZam˘`m qH$_VrgmR>r Amb{I
H$mJXmda (0, 0) [mgyZ (2n + 2, 0) [ ™̀V¿`m ‡dmgmgmR>r KmVb{b{ gd©
oZ`_ [miyZ Vm{ ‡dmg oH$Vr oZaoZam˘`m ‡H$ma{ H$aVm ̀ {Vm{ hr _mohVr H$m{Ô>H$
2 _‹ {̀ EH$oÃV H{$br Amh{.

H$m{Ô>H$ 2

n 1 2 3 4 ....

KmVb{b{ gd© oZ`_ [miyZ 1 2 5 14

(0, 0) [mgyZ (2n + 2, 0)  (AmH•$Vr  (AmH•$Vr (AmH•$Vr (AmH•$Vr

 [ ™̀VMm, Amb{I- 23) 24 d 25) 26 V{ 30)  31 V{ 44) ....

H$mJXmdarb ‡dmg oH$Vr
d{Jd{J˘`m ‡H$ma{ H$aVm

{̀Vm{ Vr gßª`m

Q>r[ (6) : {̀W{ h{ bjmV R>{dmd`mM{ H$s g_Ò`m 1 d 2 _‹ {̀ oXb{Î`m ‡˝mßM{
ÒdÍ$[ Iy[ d{Jd{Ji{ Agb{ Var À`m ‡À {̀H$ ‡˝mV bmJy [S>UmË`m n ¿`m qH$_Vr
bhmZmH$Sy>Z _m{R>ÁmH$S>{ Am{irZ{ K{VÎ`mg oXb{br g_Ò`m 1, 2, 5, 14

oZaoZam˘`m ‡H$ma{ gm{S>odVm ̀ {V{. ̀ m Xm{›hr ‡ÌZmV n ¿`m [wT>rb qH$_VrgmR>r
À`m g_Ò`m oZaoZam˘`m oH$Vr ‡H$ma{ gm{S>odVm {̀VmV `mMm dmMH$mßZr d{Y
ø`mdm d H$m{Ô>H$ 1 d 2 _‹ {̀ ^a Kmbmdr. g_Ò`m 3 V{ 4 _‹ {̀hr AerM
[napÒWVr oZ_m©U hm{Uma Amh{.

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 43

6 7

4
5

8 9

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 44

6 7

4
5

8 9

4.  g_Ò`m 3
H$m{UÀ`mhr n + 1 AjamßMm H́$_ (sequence) ø`m. (CXmhaUmW©,

apxbm. `m H́$_mV 5 Aja{ Amh{V; ÂhUO{ `mV n = 4). oXb{Î`m H́$_mVrb
AjamßMm H́$_ Z ]XbVm À`m H́$_m_‹ {̀ H$m{R>{hr Hß$gmß¿`m Om{S>Ám [ S>mdm Hß$g
'(', AmoU COdm Hß$g ")' ] Aem Q>mH$md`m¿`m Amh{V H$s (i) ‡À`{H$
Hß$gOm{S>r_‹ {̀ Xm{Z AmoU \$∑V Xm{ZM Aja{ AgVrb AmoU (ii) H$m{UV{hr
Aja H$m{UÀ`mVar Hß$g Om{S>r¿`m AmV Agb{M [mohO{. Xm{Z Aja{ EH$m
Hß$gOm{S>rV [S>br H$s AmVrb Xm{Z AjamßgH$Q> Vr Hß$gOm{S>r EH$M Aja
Xe©odV{ Ag{ _mZb{ OmB©b. CXmhaUmW©, d d (bc) hr _mßS>Ur ‡À {̀H$s EH$
Aja Xe©odVmV; ÂhUO{M (d (bc)) ̀ mVrb ]mh{a¿`m Hß$gOm{S>rV oZ`_mZwgma
d AmoU (bc) hr Xm{ZM Aja{ Amh{V. n ¿`m oZaoZam˘`m qH$_VtgmR>r
K{Vb{Î`m Ajamß¿`m H́$_mV Aem‡H$ma{ oH$Vr d{Jd{J˘`m ‡H$ma{ Hß$gOm{S>Ám
Q>mH$Vm {̀Vrb ?

CŒma 1) n = 1. ÂhUO{ n + 1 = 2 AjamßMm H́$_ ø`m. ab hm H́$_ AgyX{.
`mV, oXb{b{ oZ`_ [miyZ, (ab) `m \$∑V EH$mM ‡H$ma{ Hß$gOm{S>r
Q>mH$Vm {̀B©b.

2) n = 2.  ∴ n + 1 = 3 AjamßMm abc hm H́$_ ø`m. À`mV oXb{b{
oZ`_ [miyZ [wT>rb \$∑V 2 M d{Jd{J˘`m ‡H$ma{ Hß$gOm{S>Ám Q>mH$Vm

{̀Vrb : ( a (bc) ),  ( (ab) c ).

3) n = 3. ∴ n + 1 = 4 AjamßMm abcd hm H́$_ ø`m. À`mV oXb{b{
oZ`_ [miyZ [wT>rb H{$di [mMM oZaoZam˘`m ‡H$ma{ Hß$gOm{S>Ám
Q>mH$Vm {̀Vrb.

( (ab) (cd) ), ( a ( (bc) d ) ), ( ( a (bc) ) d ), ( ( (ab) c) d ),

( a ( b (cd) ) )

4) n = 4. ÂhUO{ n + 1 = 5 AjamßMm abcde hm H́$_ ø`m. À`mV
oXb{b{ oZ`_ [miyZ EHy$U \$∑V 14 M oZaoZam˘`m ‡H$ma{ Hß$g
Om{S>Ám Q>mH$Vm ̀ {Vrb. Hß$gOm{S>Ám Q>mH$ `mM{ h{ 14 oZaoZami{ ‡H$ma
H$m{Ô>H$ 3 _‹ {̀ XmIodb{ Amh{V.

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 41

6 7

4
5

8 9

y

xo
1
2
3

1 2 3 4 5 (10,0)

AmH•$Vr 42

6 7

4
5

8 9
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Q>r[ (11) : `m ‡ÌZm¿`m CŒmamgmR>r g_Ò`m 3 (darb C[od^mJ 4 _‹ {̀
odd{oMb{Î`m) _Yrb CŒmamßMm CŒm_ C[`m{J hm{D$ eH$Vm{. H$maU a, b, c, d
`m 4 gßª`m À`mM H´$_mZ{ KmVmßH$ ÒdÍ$[mV _mßS> `mMm EH$ ‡H$ma (aΛ b)Λ
(cΛ d) hm Agy eH$Vm{, AmoU `m _mßS>UrgmR>r g_Ò`m 3 ¿`m CŒmamVrb
((a b) (c d)) `m gß]ßoYV CŒmamMm C[`m{J H{$bm Amh{ h{ CKS> Amh{.

CŒma (1)  n = 2. CXmhaU ÂhUyZ 4 d 3 `m Xm{Z gßª`m `mM H´$_mZ{ KmVmßH$
ÒdÍ$[mV _mßS>m`¿`m Amh{V Ag{ g_Om. `mgmR>r Am[Î`mbm 4 Λ 3 hr
EH$M _mßS>Ur d ÂhUyZ 4 Λ 3 = 64 hr EH$M qH$_V o_iy eH$V{ h{ CKS>
Amh{.

(2) n = 3,  `m gßX^m©V 2,4, d 3 `m 3 gßª`m `mM H́$_mZ{ KmVmßH$ ÒdÍ$[mV
_mßS>m`M{ PmÎ`mg (2 Λ 4)Λ 3 = 2 Λ 12  AmoU 2 Λ (4 Λ 3) =
2 Λ 64 `m Xm{ZM oZaoZam˘`m qH$_Vr o_iy eH$VmV.

(3) n = 4 ̀ m gmR>r 5,4,2, 3 ̀ m Mma gßª`m KmVmßH$ ÒdÍ$[mV _mßSy>̀ m. À`m_wi{

((5 Λ 4) Λ 2) Λ 3 = 5 Λ 24,  5Λ [4 Λ (2 Λ 3)] = 5 Λ  65536,

[5 Λ (4 Λ 2) ] Λ 3 =  5 Λ 48,

(5 Λ  4)Λ (2 Λ 3)  = 5 Λ 32, 5 Λ [ (4 Λ  2) Λ  3] = 5 Λ 4096
`m \$∫$ [mMM oZaoZam˘`m qH$_Vr o_iy eH$Vrb.

(4) n = 5. `m H$naVm 3, 2, 4, 2, 3 `m [mM gßª`m À`mM H́$_mZ{ KmVmßH$
ÒdÍ$[mV _mßSy>`m. À`m_wi{ [wT>{ oXb{Î`m EHy$U H{$di 14 oZaoZam˘`m
_mßS> `m o_iy eH$VmV. À`m oZaoZam˘`m Amh{V ̀ mMr ImÃr À`mß¿`m qH$_Vr
H$mTy>Z dmMH$mßZr H$Í$Z ø`mdr. À`mM‡_mU{ `m 14 Ï`oVna∫$ AmUIr
oZamir _mßS>Ur ( d qH$_V) o_iy eH$V Zmhr ̀ mMrhr ImÃr [Q>dyZ ø`mdr.

(3 Λ 2) Λ [(4 Λ 2) Λ 3], 3 Λ [ (2 Λ 4)Λ (2 Λ 3)],
3 Λ [2 Λ {(4 Λ 2) Λ 3}], [{(3 Λ 2) Λ 4} Λ 2] Λ 3,

(3 Λ 2) Λ [4 Λ (2 Λ 3)], [3 Λ (2 Λ 4)] Λ (2 Λ 3),
3Λ  [2 Λ {4 Λ (2 Λ 3)}],

[{3 Λ (2 Λ 4) } Λ 2] Λ 3 [(3 Λ 2) Λ  (4 Λ  2)] Λ 3,
[(3 Λ 2) Λ 4]Λ (2 Λ 3),

[3 Λ {(2 Λ 4) Λ 2 } ] Λ 3, [3 Λ { 2 Λ (4 Λ 2) } ] Λ 3,
3 Λ [ { (2 Λ 4) Λ 2 } Λ 3 ],3 Λ [ { 2 Λ (4 Λ 2) } Λ 3 ]

H$m{ÓQ>H$ 3

((ab) ((cd) e)), (a ((bc) (de))) (a (b ((cd)e))), ((((ab)c)d)e),

((ab) (c(de))), ((a(bc))(de)), (a(b(c(de)))) (((a(bc)) d)e),

(((ab)(cd)) e), (((ab)c) (de)), ((a((bc)d))e), ((a(b(cd)))e),

(a(((bc)d)e)), (a((b(cd))e))

darb odd{MZmdÍ$Z Am[U [wT>rb H$m{ÓQ>H$ 4 _mßSy> eH$Vm{. n ¿`m BVa
H$mhr qH$_VtgmR>r hm ‡ÌZ gm{S>dyZ dmMH$mßZr h{ H$m{ÓQ>H$ dmT>dmd{.

H$m{ÓQ>H$ 4

n + 1 AjamßMm H́$_ K{Vbm 1 2 3 4 ...

AgVmZm n Mr qH$_V

oZ`_mZwgma, K{Vb{Î`m H́$_mV 1 2 5 14

oZaoZam˘`m ‡H$ma{ Hß$gOm{S>Ám
KmbVm {̀ `mM{ EHy$U ‡H$ma (H$m{ÓQ>H$ 3) ...

Q>r[ (7)  m + 1 Ajamß¿`m H́$_mgmR>r EHy$U m Hß$g Om{S>Ám bmJVmV.

5. g_Ò`m 4
n (= 2, 3,4,5,6,...) gßª`m ø`m. À`m gd© R>amodH$ H́$_mZ{ EH$_{H$mß¿`m

KmVmßH$ ÒdÍ$[mV _mßSy>Z oZaoZam˘`m oH$Vr qH$_Vr o_iy eH$Vrb ?

Q>r[ (8) : (42)3 d  4(23) `m Xm{Km _mßS>UrV, K{Vb{Î`m 2, 3 d 4 `m VrZ
gßª`mMm H́$_ Vm{M ÂhUO{ 4, 2, 3 hm R>{dbm Amh{. [U `m Xm{Z _mßS> `mß¿`m
qH$_Vr o^fi o^fi Amh{V. H$maU  (42)3 = (16)3 = 4096 AmoU 4(23) = 48

= 65536. KmVmßH$ ÒdÍ$[mVrb oZaoZam˘`m _mßS> `m oZaoZam˘`m qH$_Vr
X{VmV h{ ZrQ> ‹`mZmV Agb{ [mohO{.

Q>r[ (9) : N>m[ `m¿`m gm{̀ rgmR>r 23 h{  2 Λ Λ Λ Λ Λ  3 Ag{ XmIodb{ (obohb{)
OmB©b. À`mZwgma (42)3 = (4L 2) L 3,AmoU 4(23) = 4L  (2 L 3)  BÀ`mXr

Q>r[ (10) : ̀ m ‡ÌZm¿`m CŒmamgmR>r ø`md`m¿`m gßª`m a,b,c, d Aem Am[U
K{D$ eH$Vm{. [U Am[U ‡À`j (concrete) gßª`m K{D$`m.ÂhUO{ dmMH$mßZm
oZaoZam˘`m _mßS> `mß¿`m qH$_Vr ‡À`jmV H$mT>Vm {̀Vrb, d À`m Iam{Ia
d{Jd{J˘`m Amh{V `mMr ImVaO_m H$Í$Z K{Vm {̀B©b.
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`m CŒmamßdÍ$Z Am[Î`mbm [wT>rb H$m{Ô>H$ 5 o_iV{. n ¿`m [wT>rb H$mhr
qH$_VrgmR>r dmMH$mßZr `m H$m{Ô>H$mV ^a Kmbmdr.

H$m{ÓQ>H$ 5

R>amodH$ H́$_mVrb gßª`mßMr gßª`m n 2 3 4 5 .....

H́$_ H$m`_ R>{D$Z KmVmßH$ ÒdÍ$[mV 1 2 5 14 .......

 _mßS>Ur H$a `mZ{ o_iUmË`m
oZaoZam˘`m oH$_VtMr gßª`m

6. g_Ò`m 5
_mUgmß¿`m n (=1, 2, 3, 4, 5,....) Om{S>Ám ø`m. ÂhUO{ EHy$U 2n (=2,

4, 6, 8, 10, ....) _mUg{ Pmbr. hr gd© 2n _mUg{ dVw©im¿`m [arKmda
dVw©im¿`m AmVrb ]mOyg Vm|S> H$Í$Z C^r Amh{V Ag{ g_Om. (i) ‡À {̀H$ Ï`∫$s
XwgË`m \$∫$ EH$mM Ï`∫$s]am{]a hÒVmßXm{bZ H$a{b, (ii) gd© hÒVmßXm{bZ{ EH$mM
d{ir hm{Vrb, AmoU (iii) Xm{Z Ï`∫$s®_Yrb hÒVmßXm{bZ XwgË`m Xm{Z Ï`∑Vt_Yrb
hÒVmßXm{bZmg N>{XUma Zmhr (ÂhUO{M Vr hÒVmßXm{bZ{ EH$_{H$mßda `{Uma
ZmhrV) `m AQ>r (oZ`_) [miÎ`mg `m 2n Ï`∫$s®_‹ {̀ oH$Vr oZaoZam˘`m
‡H$ma{ hÒVmßXm{bZ{ hm{D$ eH$Vrb ?

Q>r[ (12) : [́À {̀H$ Ï`∫$s XwgË`m \$∫$ EH$mM Ï`∫$ser hÒVmßXm{bZ H$arV
AgÎ`mZ{ 2n Ï`∫$s®_‹ {̀ EHy$U hÒVmßXm{bZ{ \$∫$ n M hm{Vrb.

Q>r[ (13) : Imbr CŒmamgmR>r dm[ab{Î`m ‡À`{H$ AmH•$VrV ‡À`{H$ Ï`∫$s
dVw©i[arKmda oZam˘`m q]XyZ{ XmIodbr Amh{. Ï`∫$s®Zm H$́_mßH$ oXb{ Amh{V d
Xm{Z Ï`∫$s®_Yrb hÒVmßXm{bZ gß]ßoYV Ï`∫$s®Zm a{fmIßS>mZ{ Om{S>yZ XmIodb{ Amh{.

CŒma : (1) n = 1. ÂhUO{ EHy$U 2 _mUg{ (AmH•$Vr  45). ̀ m pÒWVrV
EH$M hÒVmßXm{bZ hm{D$ eH$V{ h{ CKS> Amh{.

(2) n = 2 ÂhUO{ EHy$U 4 _mUg{ (1, 2, 3, 4) (AmH•$Vr 46 d 47). `m
[napÒWVrV Ï`∫$s 1 d 2 `mß¿`m_‹ {̀ EH$ d Ï`∫$s 3 d 4 `mß¿`m_‹ {̀
Xwga{ Aer Xm{Z hÒVmßXm{bZ{ hm{D$  eH$Vrb. hm Pmbm EH$ ‡H$ma (Amd•Œmr
46) qH$dm Ï`∫$s 1 d 4  ̀ mß¿`m_‹`{ EH$ d Ï`∫$s 2 d 3  ̀ mß¿`m_‹ {̀ Xwga{
Aer Xm{Z hÒVmßXm{bZ{ hm{Vrb d Vm{ hm{B©b Xwgam ‡H$ma (AmH•$Vr 47).
Aem‡H$ma{ n = 2 ¿`m ]m]VrV (ÂhUO{ 4 _mUg{ AgVmZm) oXb{Î`m
AQ>r [miyZ, EHy$U \$∫$ Xm{ZM ‡H$ma{ hÒVmßXm{bZ{ hm{D$ eH$VmV.

1
2

1

4

2

3

1

4

2

3

1

5

2

4

6 3

6

5

2

3

1 2

6

5 4

3
1

6
5 4

3

2

AmH•$Vr 45 AmH•$Vr 46 AmH•$Vr 47 AmH•$Vr 48

AmH•$Vr 49 AmH•$Vr 50 AmH•$Vr 51 AmH•$Vr 52

AmH•$Vr 53

1

8

7

2
3

4
5

6

AmH•$Vr 54

1
8

7

2

3

4
56

AmH•$Vr 56

1

8

7

2
3

4

56

AmH•$Vr 55

8

7
6

1 2 3

4
5

AmH•$Vr 57

1

8
7

2

3
4

56

AmH•$Vr 58

1
8

7

2

3

4
56

AmH•$Vr 60

1

8

7

2
3

4

56

AmH•$Vr 59

8

7
6

1 2
3

4
5

AmH•$Vr 61

1

8
7

2

3
4

5
6

AmH•$Vr 63

1
8

7

2

3
4

56

AmH•$Vr 64

1

8

7

2
3

4

56

AmH•$Vr 62

8

7
6

1 2 3

4
5

AmH•$Vr 65

8

76

1 2
3

45

AmH•$Vr 66

1

8
7

2

3
4

56

4

1 2

3

45

6

1
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(3) n = 3 ÂhUO{ EHy$U 6 _mUg{. oXb{Î`m AQ>r [miyZ `m ]m]VrV EHy$U
[mM ‡H$ma{ hÒVmßXm{bZ{ hm{D$ eH$VmV. Vr AmH•$À`m 48 V{ 52 _‹`{
XmIodbr Amh{V.

(4) n = 4 ÂhUO{ EHy$U 8 _mUg{ AgVmZm e∑` AgUmar gd© 14

hÒVmßXm{bZ{ AmH•$À`m 53 V{ 66 _‹ {̀ XmIodbr Amh{V.

AmH•$À`m 45 V{ 66 dm[Í$Z `m g_Ò {̀¿`m CŒmamM{ H$m{ÓQ>H$ 6 [wT>rb‡_mU{
Ag{b. n ¿`m AmUIrZ H$mhr qH$_VtgmR>r ‡À`j AmH•$À`m H$mTy>Z dmMH$mßZr
h{ H$m{ÓQ>H$ dmT>dmd{.

H$m{ÓQ>H$ 6

dV©wi[arKmdarb Ï`∑Vt¿`m 1 2 3 4 ...

Om{S>ÁmßMr gßª`m, n

1 2 5 14

‡ÌZmVrb AQ>r [miyZ hm{D$ AmH•$Vr AmH•$Vr AmH•$Vr AmH•$Vr
eH$UmË`m d{Jd{J˘`m 45 46 d 47 48 V{ 52  53 V{ 66 ....

hÒVmßXm{bZmßMr EHy$U gßª`m.

7. g_Ò`m 6
n daVr OmUma{ g_mZ bmß]rM{ oVaH$g a{fmIßS> (/ `m ‡H$maM{) d

oVVH{$M (ÂhUO{M n) À`mM bmß]rM{ Imbr OmUma{ CVaV{ a{fmIßS> (\ `m
‡H$maM{), (n = 1, 2, 3, 4, 5,...) `mß¿`m C[`m{JmZ{ "AmH•$VrMr gwÍ$dmV d
e{dQ>, À`m AmH•$Vr¿`m gdm©V Imb¿`m ]mOyg Ò[e© H$aUmË`m ojoVO g_mßVa
(horizontal) a{f{da Pmbr [mohO{' `m AQ>rM{ [mbZ H$aUmË`m EHy$U oH$Vr
oZaoZam˘`m AmH•$À`m H$mT>Vm {̀Vrb ?

Q>r[ (14) : ‡ÌZm¿`m odYmZmVrb AQ>rMm AW© hm{Vm{ H$s ∧∧ Aer AmH•$Vr
Mmb{b [U  ∨∨  Aer AmH•$Vr MmbUma Zmhr.

Q>r[ (15) : `m ‡ÌZm¿`m CŒmamVrb AmH•$Vr S>m|JamgmaIr oXg{b. ÂhUyZ `m
‡ÌZmM{ [`m©`r odYmZ Ag{hr hm {B ©b ï n C‹d©Jm_r d n AYm{Jm_r
(n = 1, 2, 3, 4, 5,...) g_mZ bmß]r¿`m oVaH$g a{fmIßS>mßZr S>m|Jamß¿`m EHy$U
oH$Vr d{Jd{J˘`m AmH•$À`m V`ma H$aVm `{Vrb H$s ¡`mV AmH•$Vr¿`m
gwÍ$dmVr¿`m S>mÏ`m ]mOyH$Sy>Z ‡W_ S>m|Jamda MT>md{ bmJ{b AmoU AmH•$Vr¿`m
COdrH$S>rb e{dQ>¿`m ]mOydÍ$Z S>m|JamdÍ$Z CVamd{ bmJ{b ?

CŒma ï n ¿`m gwÍ$dmVr¿`m Mma qH$_VtgmR>r (ÂhUO{ n = 1, 2, 3, 4 gmR>r)
‡À`j AmH•$À`m Imbr XmIodÎ`m Amh{V ï (1) n = 1, EHy$U 1M
CH$b (AmH•$Vr 67); (2) n = 2, EHy$U 2 CH$br (AmH•$À`m 68 d
69); (3) n = 3, EHy$U 5 CH$br (AmH•$À`m 70 V{ 74); (4) n = 4

EHy$U 14 CH$br (AmH•$À`m 75 V{ 88).

AmH•$Vr 67 AmH•$Vr 68 AmH•$Vr 69 AmH•$Vr 70

AmH•$Vr 71 AmH•$Vr 72 AmH•$Vr 73 AmH•$Vr 74

AmH•$Vr 75

AmH•$Vr 76 AmH•$Vr 77 AmH•$Vr 78 AmH•$Vr 79

AmH•$Vr 80 AmH•$Vr 81 AmH•$Vr 82 AmH•$Vr 83

AmH•$Vr 84 AmH•$Vr 85 AmH•$Vr 86 AmH•$Vr 87

AmH•$Vr 88
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`m AmH•$À`mßdÍ$Z `m ‡ÌZmgß]ßoYV CŒmamM{ [wT>rb H$m{ÓQ>H$ 8 V`ma hm{V{.
dmMH$mßZr n ¿`m BVa H$mhr qH$_VtgmR>r oZaoZam˘`m oH$Vr S>m|Jamß¿`m AmH•$À`m
H$mT>Vm {̀VmV V{ gm[S>dyZ h{ H$m{ÓQ>H$ dmT>dmd{.

H$m{ÓQ>H$ 8

oVaH$g g_mZ bmß]r¿`m 1 2 3 4 ...

C‹d©Jm_r d AYm{Jm_r
a{fmIßS>mßMr ‡À`{H$s gßª`m,n

‡ÌZmVrb AQ>r [miyZ $ 1 2 5 14 ...

o_iUmË`m S>m|Jamß¿`m AmH•$Vr AmH•$Vr AmH•$Vr AmH•$Vr
oZaoZam˘`m AmH•$À`mßMr gßª`m. 67 68 d 69  70 V{ 74  75 V{ 88 ....

8. g_Ò`m 7

[yd©V`mar ï AmH•$Vr 89 gmaª`m AmH•$Vrbm PmS> (tree)
Ag{ ÂhUVmV. H$maU hr AmH•$Vr gmYmaUVï 1 H$́_mßH$mMm
q]Xy h{ _yi d gd© a{fmIßS> ̀ m \$mß⁄m AgUmË`m PmS>mgmaIr
oXgV{. `m AmH•$VrV EHy$U 10 q]Xy Amh{V. gd©M ZÏh{ Va
H$mhr q]Xy EH$_{H$m ßZm a{fmIßS>m ßZr Om{S>b{b{ Amh{V.
AmH•$VrVrb ‡À`{H$ q]Xybm (EHy$U 10) ̀ m PmS>mM{ oeam{q]Xy (vertex, node)
AmoU AmH•$VrVrb ‡À`{H$ a{fmIßS>mg PmS>mMr H$S>m qH$dm ]mOy (edge)
ÂhUVmV. `m AmH•$VrV (d Aem ‡H$ma¿`m PmS>m¿`m H$m{UÀ`mhr AmH•$VrV)
H$m{UÀ`mhr oeam{q]Xy[mgyZ gwÍ$dmV H$Í$Z a{fmIßS>mdÍ$Z [wT>{ [wT>{ OmD$Z
gwÍ$dmVr¿`m oeam{q]Xy[ ™̀V [aV {̀Vm {̀V Zg{b Va À`m PmS>m¿`m AmH•$VrV
MH´$ (circuit) Zmhr Ag{ ÂhUVmV.AmH•$Vr 89 _Yrb PmS>mV MH́$ Zmhr. AmH•$Vr
89 _‹`{ 3, 4, 6 H´$_mH$mß¿`m oeam{q]XyßZm À`m PmS>mM{ AßVJ©V oeam{q]Xy d BVa
oeam{q]XyßZm À`m PmS>mM{ ]m¯ oeam{q]Xy ÂhUVmV. AmH•$Vr 89 _‹`{ 1 H́$_mH$mßMm
oeam{q]Xy (qH$]h˛Zm, Vg{ [mhVm À`mVrb H$m{UVmhr oeam{q]Xy) AmH•$VrZ{
XmIodb{Î`m PmS>mM{ _yi Amh{ Ag{ _mZVm ̀ {B©b. H$m{UÀ`mhr q]XyVyZ oZKUma{
a{fmIßS> (\$mß⁄m) H$m{UÀ`mhr oXe{bm XmIodb{ Var MmbV{. \$∑V V{ a{fmIßS>
XwgË`m H$m{UÀ`m q]Xyßer Om{S>b{ J{b{ Amh{V V{ ̀ m{Ω` ‡H$ma{ XmIodb{ J{b{ [mohO{.
AmH•$Vr 89 _‹`{ H´$_mßH$ 1 Mm q]Xy _yi AgÎ`mM{ _mZyZ À`m _yim[mgyZ oZKyZ
H$S>mdÍ$Z [wT>{ OmV AgVmZm H́$_mßH$ 6 ¿`m q]Xy[mgyZ [wT>rb ]mOyg 3 H$S>m
oZKmÎ`mM{ oXgyZ ̀ {V{ (6 H´$_mßH$m¿`m q]XyV o_iUmË`m EHy$U 4 H$S>m Amh{V).
PmS>m¿`m _wim[mgyZ H$S>mßdÍ$Z [wT>{ OmV AgVmZm ‡À {̀H$ oeam{q]XyVyZ OmÒVrV

OmÒV 2 H$S>m oZKV AgVrb Va Aem PmS>mbm o¤_mZ PmS> (binary tree)
ÂhUVmV. AmH•$Vr 89 _Yrb PmS> o¤_mZ PmS> Zmhr, H$maU 1 d 6 H́$_mH$mß¿`m
oeam{q]Xy[mgyZ [wT>{ OmUmË`m ‡À`{H$s 3 H$S>m oZKV Amh{V. PmS>m¿`m
_wim[mgyZ H{$di EH$ d ‡À`{H$ AßVJ©V oeam{q]Xy[mgyZ, _wim[mgyZ Xya
OmUmË`m Xm{Z AmoU Xm{ZM H$S>m oZKV AgVrb Va À`m o¤_mZ PmS>mbm
"¡`mbm _yi Amh{ Ag{ ‡Vbr` o¤_mZ PmS> (Rooted plain binary tree)'
ÂhUVmV. ̀ m gßk{Vrb "‡Vbr`' ̀ m ode{fUmMm AW© Agmï EImX{ PmS> XwgË`m
PmS>mer g_o_V (symmetric) Agb{ Var Vr Xm{Z PmS>{ d{Jd{Jir AgÎ`mM{
Yab{ OmV{.

CXmhaUmW©         d         hr Xm{Z PmS>{ oZaoZamir AgÎ`mM{ g_Ob{ OmB©b.
AmVm
g_Ò`m 7 : EH$ oeam{q]Xy hm _yi d n (= 1, 2, 3, 4,...) AßVJ©V qeam{q]Xy
Agb{br EHy$U oH$Vr d{Jd{Jir '¡`mbm _yi Amh{ Aer ‡Vbr` o¤_mZ PmS>{'
(rooted plain binary trees) V`ma H$aVm {̀VmV ?
CŒma ï n ¿`m gwÍ$dmVr¿`m Mma qH$_VtgmR>r (ÂhUO{ n = 1, 2, 3, 4 gmR>r)

hÏ`m Agb{Î`m ‡H$ma¿`m PmS>mß¿`m (rooted plain binary trees ¿`m)
AmH•$À`m Imbr H$mTy>Z CŒmamß¿`m gßª`m XmIodÎ`m Amh{Vï

(1) n = 1 AßVJ©V oeam{q]Xy ï H{$di 1 M CH$b (AmH•$Vr 90)

(2) n = 2 AßVJ©V oeam{q]Xy ï EHy$U 2 CH$br; (AmH•$Vr 91 d 92);

(3) n = 3 AßVJ©V oeam{q]Xy : EHy$U 5 CH$br (AmH•$À`m 93 V{ 97);

(4) n = 4 AßVJ©V oeam{q]Xy ï EHy$U 14 CH$br (AmH•$À`m 98 V{ 111).

AmH•$Vr 90

← _yi
←AßVJ©V

oeam{q]Xy
hr CH$b

← _yi

 qH$dm

↑
_yi

Aem ododY ‡H$ma{
XmIodVm {̀B©b

AmH•$Vr 91 AmH•$Vr 92 AmH•$Vr 93 AmH•$Vr 94










AmH•$Vr 89

1
4

3
2

5

8 9 10

6 7

_yi
AßVJ©V oeam{q]Xy

]m¯
oeam{q]Xy
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Q>r[ (16) : AmH•$Vr 105 V{ 111 `m AZwH́$_{ AmH•$Vr 98 V{ 104 `mßMr
‡Vbr` AmaemVrb ‡oVq]]{ Amh{V `mMr Zm|X dmMH$mßZr ø`mdr. ÂhUO{M
AmH•$À`m 105 V{ 111 AZwH́$_{ AmH•$À`m 98 V{104 `mß¿`mer g_o_V Amh{V.
AmH•$À`m 90 V{ 111 `mßdÍ$Z `m ‡˝m¿`m CH$bt]‘bM{  H$m{Ô>H$ 9 Ag{ oXg{b :

H$m{Ô>H$ 9

AßVJ©V oeam{q]XyßMr gßª`m n 1 2 3 4 ....

¡`mbm _yi Amh{ Aem 1 2 5 14 ....

‡Vbr` o¤_mZ PmS>mßMr AmH•$Vr AmH•$Vr AmH•$Vr AmH•$Vr
gßª`m 90 91d 92 93 V{ 97  98 V{ 111 ....

n ¿`m [wT>rb H$mhr qH$_VrgmR>r dmMH$mßZr H$m{Ô>H$ 9 _‹ {̀ ^a Kmbmdr.

9. g_Ò`m 8
EH$ _yi d n (= 1, 2, 3, 4, ) H$S>m (\$mß⁄m) Agb{br oZaoZamir EHy$U

oH$Vr ‡Vbr` PmS>{ AgVrb ?

CŒma : n ¿`m gwÍ$dmVr¿`m 4 qH$_VtgmR>r (ÂhUO{ n = 1, 2, 3, 4 gmR>r )
Bp¿N>V ‡H$ma¿`m PmS>mß¿`m ‡À`j AmH•$À`m H$mTy>Z CH$btMr gßª`m em{Ybr
Amh{ :

1) n = 1 H$S>m Agb{b{ PmS> : \$∑V EH$ CH$b (AmH•$Vr 112);
2) n = 2 H$S>m Agb{br PmS>{ : EHy$U Xm{Z CH$br

(AmH•$Vr 113 d 114);
3) n = 3 H$S>m Agb{br PmS>{ : EHy$U 5 CH$br (AmH•$Vr 115 V{ 119);
4) n = 4 H$S>m Agb{br PmS>{ : EHy$U 14 CH$br (AmH•$Vr 120 V{ 133) :

Q>r[ (17) : PmS>m¿`m _yi Agb{Î`m oeam{q]Xy^m{dVr, À`mM{ oZami{[Um
XmIod `mgmR>r, dVw©i H$mT>b{ Amh{.

AmH•$Vr 112 AmH•$Vr 113 AmH•$Vr 114 AmH•$Vr 115

AmH•$Vr 95 AmH•$Vr 96 AmH•$Vr 97 AmH•$Vr 98

AmH•$Vr 99 AmH•$Vr 100 AmH•$Vr 101 AmH•$Vr 102

AmH•$Vr 103 AmH•$Vr 104 AmH•$Vr 105 AmH•$Vr 106

AmH•$Vr 107 AmH•$Vr 108 AmH•$Vr 109 AmH•$Vr 110

AmH•$Vr 111
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AmH•$Vr 116 AmH•$Vr 117 AmH•$Vr 118 AmH•$Vr 119

AmH•$Vr 120 AmH•$Vr 121 AmH•$Vr 122

AmH•$Vr 124

AmH•$Vr 123

AmH•$Vr 125 AmH•$Vr 126 AmH•$Vr 127

AmH•$Vr 128 AmH•$Vr 129 AmH•$Vr 130 AmH•$Vr 131

AmH•$Vr 132 AmH•$Vr 133

AmH•$À`m 112 V{ 133 ¿`m C[`m{JmZ{ `m g_Ò {̀¿`m CŒmamßM{ H$m{Ô>H$ 10

[wT>{ oXb{ Amh{. n ¿`m AmUIr H$mhr qH$_VtgmR>r dmMH$mßZr AmH•$À`m H$mTy>Z h{
H$m{Ô>H$ 10 AmUIr dmT>dmd{.

H$m{Ô>H$ 10

PmS>m¿`m \$mß⁄mßMr gßª`m, n 1 2 3 4 .....

n \$mß⁄m Agb{Î`m d{Jd{J˘`m 1 2 5 14 .....

‡H$ma¿`m ‡Vbr` AmH•$Vr AmH•$Vr AmH•$Vr AmH•$Vr
PmS>mßMr gßª`m 112 113d114 115 V{ 119 120V{ 133 ....

10. g_mZ CŒmamßM{ gyÃ :
`m b{ImV doU©b{Î`m d MoM©b{Î`m AmR> oZaoZam˘`m ‡˝mßMr CŒma{ g_mZ

o_imbr. ¡`m AWu BV∑`m ododY ‡H$ma¿`m ‡˝mßMr CŒma{ g_mZ o_iVmV
À`mAWu À`mßM{ EH$ gyÃ Agb{ [mohO{ Ag{ _Zmbm dmQy>Z amhV{. AmR>hr ‡˝mßMr
CŒma{ ÂhUyZ 1, 2, 5, 14 ̀ m ¡`m gßª`m [wT>{ AmÎ`m À`m EH$m gw‡og’ H́$_mVrb
gßª`m Amh{V. À`m H́$_mM{ gyÃ Amh{ :

  1 2nCn, n = 1, 2, 3, 4, 5, 6, ..... .... (A)
n + 1

`m gyÃmV n ¿`m 1, 2, 3, 4 `m qH$_Vr KmVÎ`mg Am[Î`mbm 1, 2, 5,
14 ̀ m gßª`m o_iVrb. ̀ m gyÃmV n ¿`m 1 [mgyZ MT>À`m H́$_mZ{ [yUm™H$ qH$_Vr
Am{irZ{ KmVÎ`mda o_iUmË`m gwÍ$dmVr¿`m gßª`m `m Amh{V:

1, 2, 5, 14, 42, 132, 429, 1430, 4862, 16796, 58786,
208012, 742900, 2674440, .....(B)

Am[U darb AmR>[°H$s H$m{UV{hr ‡˝ À`mVrb bmJy hm{UmË`m n ¿`m [wT>rb
qH$_VtgmR>r gm{S>db{ d CŒmamß¿`m À`m À`m H$m{Ô>H$mV ^a KmbrV J{bm{ Va
o_iUmar CŒma{ (B) `m H́$_m‡_mU{ AgVrb.

(A) Z{ oXb{Î`m H́$_mM{ (¡`mVrb gwÍ$dmVr¿`m 14 gßª`m (B) _‹ {̀ oXÎ`m
Amh{V) Zmd Amh{ H∞$Q>bmZ H´$_ (Catalan sequence), AmoU À`mVrb
gßª`mßZm ÂhUVmV H∞$Q>bmZ gßª`m. ÂhUO{ (B) _Yrb gßª`m `m gwÍ$dmVr¿`m
H∞$Q>bmZ gßª`m Amh{V. H∞$Q>bmZ gßª`m V`ma H$a `mM{ gyÃ (A) _‹ {̀ oXb{
Amh{ d À`mbm H∞$Q>bmZ H́$_mM{ OZH$gyÃ ÂhUVmV.
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H$mhr JoUVr `m H∞$Q>bmZ H́$_mV gwÍ$dmVrbm AmUIrZ EH$ 1 Amh{ Ag{
_mZVmV. (A) _Yrb gyÃmV n = 0 KmVÎ`mg Vm{ OmXm 1 hr o_iVm{. À`mZwgma
(A) _‹`{ CX≤Y•V H{$b{Î`m n ¿`m qH$_Vr n = 0, 1, 2, 3, 4, .... Aem ø`m`bm
haH$V Zmhr.

11 g_mam{[ :
`m b{ImV Am[U 8 d{Jd{J˘`m ‡H$maM{ ‡˝ gm{S>odb{. [ohbm ‡˝ gwg_

n - ^wOmH•$VrM{ n - 2 oÃH$m{UmV od^mOZ H$a `mMm hm{Vm. Xwgam ‡˝
Amb{Imda EH$m q]Xy[mgyZ XwgË`m q]XyH$S>{ _mJ©H́$_U H$a `mMm hm{Vm. oVgam
‡˝ Ajamß¿`m H́$_m_‹ {̀ Hß$g Om{S>Ám Kmb `mMm hm{Vm. Mm°Wm ‡˝ gßª`mMm
H́$_ KmVmßH$ ÒdÍ$[mV _mßS> `mMm hm{Vm. [mMdm ‡˝ dVw©imda C‰`m amhrb{Î`m
Ï`∑VtZr hÒVmßXm{bZ H$a `mMm hm{Vm. ghmdm ‡˝ oVa∑`m a{fmIßS>mßZr S>m|Ja-
AmH•$Vr H$mT> `mMm hm{Vm. gmVdm ‡˝ R>amdrH$ AßVJ©V oeam{q]Xy Agb{br
‡Vbr` o¤_mZ PmS>{ H$mT> `mMm hm{Vm. AmR>dm ‡˝ \$mß⁄mßMr R>amdrH$ gßª`m
Agb{Î`m PmS>mßMr gßª`m Am{iI `mMm hm{Vm. ‡À {̀H$ ‡˝mV À`m À`m ‡˝mer
oZJS>rV oZ`_ (AQ>r) X{Irb hm{À`m. ̀ m AmR>hr ‡˝mßMm Vgm AWm©AWu H$mhr
gß]ßY Zmhr. Varhr ‡À {̀H$ ‡˝mV n ¿`m Am{irZ{ bmJy hm{UmË`m qH$_VrgmR>r
CŒma{ VrM ÂhUO{ H́$_mZ{ 1, 2, 3, 14 hrM o_imbr. `m gd© ‡˝mV n ¿`m
H́$_mZ{ ̀ {UmË`m [wT>rb qH$_VrgmR>rhr CŒma{ g_mZM ̀ {VmV h{ JoUVmZ{ XmIodVm

{̀V{ d ‡À`j aMZm H$Í$Zhr [mhVm ̀ {V{. dmMH$mßZr Vm{ [S>Vmim AdÌ` ø`mdm.
AmUIrZhr H$mhr ‡˝ AgVrb H$s ¡`mßMr CŒma{ X{Irb darb AmR>
‡˝mß‡_mU{M AgVrb. gmYÂ ©̀ ZgUmË`m oZaoZam˘`m ‡˝mß¿`m ]m]VrV CŒma{
VrM AgU{ h{ JoUVmV AmT>iUma{ EH$ d°oeÓR>Á Amh{ AmoU ÂhUyZ Aem
oZaoZam˘`m ‡˝mß¿`m dada¿`m ]maH$mÏ`mßH$S>{ \$mag{ bj Z X{Vm JoUVmMm
A_yV©ÒdÍ$[mV A‰`mg H$a `mH$S>{ JoUVkmßMm H$b AgVm{.

o^fi o^fi AZ{H$ ‡˝mßM{ EH$M g_mZ CŒma Agmd{ hr H{$dT>r _m°O AmoU V{
CŒma EIm⁄m H$_m¿`m (sequence ¿`m) gXÒ`mßZr oXb{ Omd{ hr H{$dT>r
AmZßXmMr, g_mYmZmMr d ^mΩ`mMr Jm{Ô> Amh{. hm gd© CbJS>m JoUVm¿`m
A‰`mgmZ{ hm{Vm{ h{hr H{$dT>{ Am¸ ©̀ ! ÂhUyZM JoUVm¿`m A‰`mgmZ{ o_iUma{
gwI AdU©Zr` d H$mbmVrV Amh{. V{ gwI gdm™Zr bwQ>md{ h{ gmßJm`bm hd{ H$m ?

✰ ✰ ✰

**

ododY g§H$ë[Zm§À`m
d¡H$pë[H$ (alternative)  ì`m»`m

1. odf` ‡d{e :
JoUVmV Am[U oZaoZam˘`m Ï`mª`m oeH$Vm{. Zdr gßH$Î[Zm OmUyZ

K{ `mgmR>r oVMr Ï`mª`m hdrM. oÃH$m{U ÂhUO{ H$m` h{ g_O `mgmR>r À`mMr
Ï`mª`m H$a `moedm` Xwgam CŒm_ _mJ© Zmhr. AmH•$Vr H$mT> `mZ{ qH$dm dU©Z
H$a `mZ{ gßH$Î[Z{Mr [yU© d AMyH$ H$Î[Zm `{B©bM Ag{ Zmhr. oÃH$m{UmMr
gßH$Î[Zm ZrQ> g_Obr H$s _J g_ ŵO oÃH$m{U, g_o¤ ŵO oÃH$m{U, H$mQ>H$m{Z
oÃH$m{U, Ag{ À`mM{ ododY ‡H$ma OmUyZ ø`md{ bmJVmV. À`m ‡À`{H$mM{
XwgË`m[mgyZM{ oZami{[U OmUyZ K{ `mgmR>r À`m ‡À {̀H$ ‡H$mamMr gwÒ[Ô>
Ï`mª`m H$amdr bmJV{. À`mM‡_mU{ g_mßVa a{fm, _yigßª`m, od^mOH$, odf_
[yUm™H$ BÀ`moX AZ{H$ gßkmß¿`m Ï`mª`m Am[Î`mbm A‰`mgmÏ`m bmJVmV.
JoUVmV, qH$]h̨Zm H$m{UÀ`mhr odf`mV Ï`mª`mßZm Iy[ _hŒd Amh{, H$maU Ï`mª`m
ZrQ> g_OÎ`m VaM À`m odf`m¿`m [wT>rb ^mJmM{ AmH$bZ hm{U{ gm{[{ OmV{.

H$mhr gßH$Î[Zmß¿`m EH$mȟZ AoYH$ Ï`mª`m Agy eH$VmV. AWm©V, EIm⁄m
gßH$Î[Z{Mr oV¿`m EH$m Ï`mª {̀_wi{ Am[Î`m _ZmV d ]w’rV oZ_m©U Pmb{br
‡oV_m d À`mM gßH$Î[Z{¿`m XwgË`m EIm⁄m Ï`mª {̀H$Sy>Z CÀ[fi Pmb{br g_O
`m VßVm{VßV Owim`bm hÏ`mV. H$maU oZaoZam˘`m ‡H$ma{ Ï`∫$ H{$br Var
gßH$Î[Zm _ybV: EH$M AgV{. ÂhUO{M H$m{UÀ`mhr gßH$Î[Z{¿`m d{Jd{J˘`m
Ï`mª`m g_VwÎ` (equivalent) hÏ`mV. Am[Î`m JoUVm¿`m Z{h_r¿`m
dm[amVrb H$mhr gßH$Î[Zmß¿`m ‡À {̀H$s Xm{Z AJa AoYH$ Ï`mª`m Am[U `m
b{ImV ]KUma Amhm{V.

2. dVw©i
dVw©i hr Am[Î`m Z{h_r¿`m [naM`mMr gßH$Î[Zm Amh{. dVw©imMr OmÒV

‡MmamV Agb{br ‡og’ Ï`mª`m Aer Amh{.

oXb{Î`m q]Xy[mgyZ EH$mM ‡VbmV g_mZ AßVamda AgUmË`m gd© q]XyßZm
o_iyZ (ÂhUO{M À`m gd© q]Xyß¿`m gßMmbm) dVw©i ÂhUVmV. .........(D1)
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Q>r[ (1) : AWm©V À`m oXb{Î`m q]Xybm À`m dVw©imMm
H|$–q]Xy d À`m g_mZ AßVambm À`m dVw©imMr oÃ¡`m
ÂhUVmV `mMrhr Am[U Zm|X H$aVm{.

dVw©imMr Xwgar (d°H$pÎ[H$) Ï`mª`m [wT>rb‡_mU{
H{$br OmV{ d Vr ‡W_ A[m{bm{oZAg `mßZr oXbr Ag{
g_Ob{ OmV{.

oXb{Î`m Xm{Z q]Xyß[mgyZ Agb{Î`m Am[Î`m AßVamßM{ JwUm{Œma gVV H$m`_
R>{dyZ EH$mM ‡VbmV o\$aUmË`m q]XyßMm q]Xy[W (locus) ÂhUO{ dVw©i.

...(D2)

(AmH•$Vr 2 _‹`{ A d B h{ oXb{b{ Xm{Z q]Xy AgyZ
P gmaª`m dVw©im¿`m ‡À {̀H$ q]XygmR>r PA/PB h{
JwUm{Œma g_mZ Ag{b.)

AmVm Ï`mª`m (D2) Zwgma Xm{Z q]Xy A  d B,

AmoU PA/PB h{ JwUm{Œma oXb{ AgVm V`ma hm{Uma{
dVw©i (Om{ P ̀ m q]XyMm q]Xy[W AgVm{) Z∏$s H$g{
H$amd`mM{ V{ CXmhaUmZ{ [mȟ `m.

[j : A d B  h{ q]Xy d P `m q]XygmR>r
PA/PB = 2/1 ø`m.

gm‹` : P Mm q]Xy[W (Om{ Ï`mª`{‡_mU{ dVw©i
Ag{b) Z∏$s H$aU{.

aMZm : A d B `m q]XyZm Om{S>UmË`m gai a{f{daM hÏ`m Agb{Î`m dVw©imMm
Ï`mg [S>{b Ag{ [mȟ`m.

AB hm a{fmIßS> B ¿`m ]mOyg dmT>dyZ À`mda Q hm o]ßXy Agm ø`m H$s
BQ = AB ................................................................ (3)

À`m_wi{
QA

=
QB + BA

=
AB + BA , [(3) dm[Í$Z ]

QB QB AB

= 2/1................................................. (4)

AB da P hm q]Xy Agm ø`m H$s PA =
2

AB
3

∴
PA

=
(2/3) AB

=
2

(5)
PB (1/3) AB 1

ÂhUO{ gd©gmYmaU (general) aMZm Aer : AB bm P AmVÎ`m ]mOyg d Q
]mh{a¿`m ]mOyg oXb{Î`m JwUm{ŒmamV od^mJyX{V.

[(4) d 5)] ⇒ dVw©im¿`m Ï`mª`m (D2) Zwgma P d Q h{ Xm{›hr q]Xy hÏ`m
Agb{Î`m dVw©imda Amh{V. ............................................... (6)

A, P, B, Q h{ EH$mM gai a{f{da AgyZ P d Q h{ AB bm À`mM JwUm{ŒmamV
AZwH$́_{ AmVÎ`m ]mOyg d ]mh{a¿`m ]mOyg od^mJV Amh{V. .......... (7)

[(6) d (7) ] ⇒ PQ hm BÔ> dVw©imMm Ï`mg Amh{.

M hm PQ Mm _‹`q]Xy ø`m. M hm H|$–q]Xy d MP = MQ hr oÃ¡`m
Agb{b{ dVw©i h{ BÔ> dVw©i Ag{b.

Q>r[ (2) : AemVËh{Z{ A, B, h{ Xm{Z q]Xy AmoU PA/PB h{ JwUm{Œma oXb{ AgVm
`m _mohVrZ{ Z∏$s H{$b{b{ dVw©i (Ï`mª`m (D2) Zwgma) darb aMZ{Z{
o_iodVm `{V{.

dVw©imMr oVgar Ï`mª`m Aer X{Vm {̀B©b :
oXb{Î`m AB `m a{fmIßS>m¿`m Xm{Z

Q>m{H$mßZm a{fmIßS>mßZr Om{S>b{ AgVm hm{Umam
H$m{Z, AB ¿`m EH$m ]mOyH$S>rb ¡`m ¡`m
q]Xyß¿`m ]m]VrV g_mZ (g_Om Θ0) AgVm{,
AmoU AB ¿`m XwgË`m ]mOyH$S>rb ¡`m ¡`m
q]Xyß¿`m ]m]VrV 1800- Θ AgVm{ Aem gd©
q]Xyß¿`m gßMmbm dVw©i ÂhUVmV. .......(D8)

Q>r[ (3) : dVw©imgß]ßYmVrb _hŒdmMr gd©
‡_{̀ { og’ H$a `mgmR>r hr Ï`mª`m AoYH$
W{Q>[U{ (directly) C[`m{Jmbm ̀ {V{. À`m _mZmZ{ dVw©im¿`m Z{h_r¿`m {{ ÂhUO{
darb (D1) } Ï`mª {̀Mm gß]ßY À`m ‡_{̀ mßer AoYH$ Xyam›d`mZ{ {̀Vm{. À`m_wi{
dVw©imMm ̀ m Ï`mª {̀V AßV ŷ©V AgUmam JwUY_© dVw©imMr Ï`mª`m ÂhUyZ K{ `mg
`m{Ω` dmQ>Vm{.

r

AmH•$Vr 1

P

B
A

AmH•$Vr 2

M
B

Q
P

A

AmH•$Vr 3

26 / JoUV \w$b{  JoUV \w$b{/27

B
A

Θ0

Θ0

Θ0

1800 - Θ0

AmH•$Vr 4



Q>r[ (4) : EIm⁄m gßk{Mr H$m{UVrhr Ï`mª`m hr À`m gßk{Mm EImXm JwUY_©M
AgVm{. dVw©im¿`m darb[°H$s ‡À`{H$ Ï`mª`{_‹`{ dVw©imMm EH{$H$ d{Jd{Jim
JwUY_© dm[abm Amh{. H$m{UÀ`mhr gßk{¿`m Ï`mª {̀¿`m ]m]VrV, Ï`mª {̀gmR>r
K{Vb{bm JwUY_© d À`mMm Ï`À`mg h{ Xm{›hr gÀ` AgVmV. H$m{UÀ`mhr obImUmVrb
d À`mM‡_mU{ `m b{ImVrb Ï`mª`mß¿`m ]m]VrV h{ AWm©VM Ia{ Amh{.

Q>r[ (5) : Ï`mª`m (D1) qH$dm (D2) qH$dm (D8) M{ ZrQ>
AmH$bZ H{$Î`mg h{ bjmV {̀B©b H$s Ï`mª {̀V CÑ{oIb{b{
gd© q]Xy [ Ï`mª`m (D1) _Yrb oXb{Î`m q]Xy[mgyZ g_mZ
AßVamda AgUma{, AmoU Ï`mª`m (D2) _Yrb oXb{Î`m
Xm{Z q]Xyß[mgyZ Agb{Î`m Am[Î`m AßVamßM{, JwUm{Œma gVV
H$m`_ R>{dyZ o\$aUmË`m q]XyßMm q]Xy[W, Vg{M Ï`mª`m D8 _Yrb q]XygßM ] h{
À`m dVw©im¿`m [naKmda AgVmV. AemVËh{Z{ \$∑V [naKmdarb gd© q]XyßZm
o_iyZ EH$oÃV[U{ dVw©i ÂhUVmV. AmH•$Vr 5 _‹`{ P hm À`m dVw©imMm q]Xy
Amh{ [U [naKm¿`m AmVrb H$m{UVmhr q]Xy (B gmaIm AWdm H|$–q]Xy O hm
X{Irb) À`m dVw©imMm ^mJ Zmhr. (C[_m ⁄m`Mr Va Ag{ ÂhUVm {̀B©b :
¡`m‡_mU{ EImXm _mUyg Om{ gXam KmbVm{ Vm{ À`m _mUgmMm ^mJ ZgVm{. Vm{
gXam À`m _mUgmMm AgVm{ BVH{$M, [U Vm{ À`m _mUgmMm ^mJ ZgVm{,
À`mM‡_mU{ O hm AmH•$Vr 4 _Yrb dVw©imMm H|$–q]Xy Amh{ [U Vm{ À`m dVw©imMm
^mJ Zmhr. dVw©i ÂhUO{ \$∑V À`m¿`m [naKmdarb gd© q]XyßMm gßM)

3. _yigßª`m (qH$dm Aod^m¡` gßª`m) :
_yigßª`m hr JoUVmVrb Iy[M _hŒdmMr AmoU JoUV¡kmßMr o‡`

gßH$Î[Zm Amh{. _yigßª {̀Mr OmÒV ‡MmamV Agb{br Ï`mª`m Aer :

1 dJiVm Om{ YZ [yUm™H$ 1 d Vm{ [yUm™H$ ̀ mß¿`m Ï`oVna∑V BVa H$m{UÀ`mhr
YZ [yUm™H$mZ{ oZ:e{f ^mJbm OmV Zmhr (qH$dm ¡`m YZ [yUm™H$mM{ 1 d Vm{
[yUm™H$ `mß¿`m oedm` Xwga{ H$m{UV{hr YZ Ad`d ZgVmV) À`m YZ
[yUm™H$mbm _yigßª`m ÂhUVmV.                                                          ....(D9)

_yigßª {̀Mr Xwgar Ï`mª`m Aer Amh{.

1 dJiVm ¡`m YZ [yUm™H$ p bm 1, -1, p, -p `m Mma [yUm™H$ßmÏ`oVna∑V
BVa H$m{UÀ`mhr [yUm™H$mZ{ oZ:e{f ^mJ OmV Zmhr (ÂhUO{M ¡`m YZ
[yUm™H$ p M{  1, -1, p, -p `m Mmar Ï`oVna∑V Xwga{ H$m{UV{hr Ad`d
ZgVmV), À`m YZ [yUm™H$ p bm _yigßª`m ÂhUVmV.   .........(D10)

(D9) d (D10) ̀ m Ï`mª`mßMr g_VwÎ`Vm Ò[Ô> Amh{. (D9) _‹ {̀ ""YZ[yUm™H$mZ{''
d "YZ Ad`d' Agm Ò[Ô> CÑ{I Amh{. (D10) _‹ {̀ ZwgV{M "[yUm™H$mZ{' d
"Ad`d' Ag{ ÂhQ>b{ Amh{ À`m_wi{ Ï`mª`mß¿`m odYmZmV \$aH$ Amh{.

_yigßª {̀Mr oVgar Ï`mª`m [wT>rb‡_mU{ oXbr OmV{.

¡`m YZ [yUm™H$mbm 1 oedm` À`m¿`mȟZ bhmZ EH$hr YZ Ad`d ZgVm{
À`m YZ[yUm™H$mbm _yigßª`m ÂhUVmV.  ................................(D11)

(D11) `m Ï`mª`{V "À`m¿`mhˇZ bhmZ Ad`d' odMmamV ø`m`Mm
AgÎ`mZ{ (D9) ̀ m Ï`mª {̀V CÑ{oIÎ`m‡_mU{ 1 g_d{V "Vm{ [yUm™H$' hr Ad`d
Amh{ H$m h{ [mh `mMr AmdÌ`H$Vm Zmhr. À`mM‡_mU{ (D9) ¿`m gwÍ$dmVrg
gmßoJVÎ`mZwgma "1 dJiVm' Agm CÑ{I (D11) _‹ {̀ H$a `mMr OÍ$a Zmhr
H$maU H$m{UÀ`mhr YZ [yUm™H$mMm 1 [{jm bhmZ YZ Ad`d ZgVm{M.

Q>r[ (6) : ]a{M od⁄mWu d _wbmIVrg Amb{b{ C_{Xdma (D9) qH$dm (D10)

hr Ï`mª`m X{VmZm "1 dJiVm' `mMm CÑ{I H$a `mg odgaVmV. À`m_wi{
Ï`mª`m (D11) hr AoYH$ MmßJbr dmQ>V{.

4. gm[{j _yigßª`m (relatively prime numbers qH$dm coprimes) :

gm[{j _yigßª`mßMr EH$ Ï`mª`m Aer Amh{ :

Oa Xm{Z YZ[yUm™H$m_‹ {̀ ± 1 Ï`oVna∑V EH$hr g_mZ Ad`d Zg{b Va
À`m YZ[yUm™H$mßZm (EH$_{H$mßer) gm[{j _yigßª`m ÂhUVmV.  ........(D12)

CXmhaUmW©, 7 d 12 `m gm[{j _yigßª`m Amh{V. 9 d 25 `mhr gm[{j
_yigßª`m Amh{V. Vg{M 15 d 28 `mhr gm[{j _yigßª`m Amh{V. H$m{UÀ`mhr
Xm{Z _yigßª`m `m gmhoOH$M (EH$_{H$mßer) gm[{j _yigßª`m AgVmV.

gm[{j _yigßª`mßMr AmUIr EH$ Ï`mª`m Aer Amh{ :

¡`m Xm{Z YZ[yUm™H$mßMm _gmod 1 Amh{ À`m Xm{Z YZ[yUm™H$mßZm (EH$_{H$mßer)
gm[{j _yigßª`m ÂhUVmV.   ..............................................(D13)

¡`m YZ [yUm™H$mß_‹`{  ± 1 Ï`oVna∑V EH$hr g_mZ Ad`d ZgVm{ À`mßMm
_gmod 1 hmM AgVm{. À`m_wi{ (D12) d (D13) `m Xm{›hr Ï`mª`m g_VwÎ`
Amh{V h{ Ò[Ô> hm{V{.
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Q>r[ (7) : gm[{j _yigßª`mßMm (D12) _‹ {̀ EH$ JwUY_© oXbm Amh{, d (D13)

_‹`{ À`mM gßH$Î[Z{Mm Xwgam JwUY_© oXbm Amh{. da gmßoJVÎ`m‡_mU{
H$m{UÀ`mhr gßk{Mr Ï`mª`m hr À`m gßk{Mm EImXm JwUY_©M AgVm{.
[naoeÔ>mVhr _yi gßª`mß]‘b AmUIr Ï`mª`m oXÎ`m Amh{V.

5. [na_{̀  gßª`m (Rational number)

emi{V [yUm™H$mßZßVa Am[U A[yUm™H$ oeH$Vm{. ¡`mbm Aße d N>{X Amh{V
Vm{ A[yUm™H$; _J AßemV d N>{XmV H$m{UVrhr gßª`m Agm{. À`m_wi{ ‡À`{H$
A[yUm™H$ hm [na_{̀  gßª`m Ag{bM

 
Ag{ Zmhr,

(CXmhaUmW©, π
,

√2
,

π
2 3 √2

h{ A[yUm™H$ Amh{V [U À`m [na_{̀  gßª`m ZmhrV)

[na_{̀  gßª {̀V Aße d N>{X Xm{›hr [yUm™H$M AgVmV; AWm©V N>{X ey›` H$YrM
ZgVm{. [na_{̀  gßª {̀Mr emi{V gwÍ$dmVrbm oeH$odbr OmUmar Ï`mª`m hr Amh{ :

Or gßª`m p/q `m ÒdÍ$[mV _mßS>Vm {̀V{ d ¡`mV p d q h{ Xm{›hr [yUm™H$
AgyZ q ≠ 0 oVbm [na_{̀  gßª`m ÂhUVmV.  .......................(D14)

[na_{̀  gßª {̀Mr d°H$pÎ[H$ Ï`mª`m Aer X{Vm {̀V{.

Xemße [’VrZ{ _mßS>br AgVm ¡`m gßª {̀Vrb [yUm™H$m[mR>m{[mR> {̀UmË`m
Xemße oM›hmZßVa {̀UmË`m A[yUm™H$ ^mJmVrb AßH$mß_‹ {̀ gwÈdmVr[mgyZ
qH$dm H$mhr AßH$mßZßVa AßH$mßMm EH$ g_yh gmaIm À`mM H́$_mZ{ EH$m [mR>m{[mR>
[w›hm [w›hm AZßVm[`™V `{V amhVm{, À`m gßª`{bm [na_{` gßª`m
ÂhUVmV..................................................................(D15)

CXmhaUmW©,
i) x = 0.31712712712712....... `mV Xemße oM›hmZßVa 31 h{ Xm{Z

AßH$ {̀VmV d À`mZßVa 712 hm AßH$g_yh À`mM H$́_mZ{ EH$m[mR>m{[mR>
AZßVm[`™V gmaIm `{V amhVm{. 712 [w›hm [w›hm AZßVd{im `{Vm{ h{
À`m¿`mda AmS>dr a{K obȟZ XmIodb{ OmV{. ÂhUO{  x = 0.31712.

ii) y = 2.5818 ̀ m gßª {̀V Xemße oM›hmZßVa bJ{MM 5818 hm AßH$g_yh
À`mM H́$_mZ{ EH$m [mR>m{[mR> [w›hm [w›hm AZßVm[ ©̀ßV {̀V amhVm{.

[na_{` gßª`{¿`m (D14) d (D15) `m Ï`mª`m g_VwÎ` Amh{V h{
[Q> `mgmR>r p/q ÒdÍ$[mVbr [na_{̀  gßª`m, AmoU (D 15) _‹ {̀ gmßoJVb{bm
JwUY_© [miUmar Xemße ÒdÍ$[mVbr [na_{̀  gßª`m EH$_{H$mV ]XbVm AmÎ`m
[mohO{V. V{ H$g{ H$aVmV V{ CXmhaUmßZr [mȟ`m.

(1) darb x d y ̀ m gßª`m ( d À`mM‡_mU{ obohbr J{b{br H$m{UVrhr [na_{̀
gßª`m) (D14) _‹ {̀ A[{ojÎ`m‡_mU{ p/q ÒdÍ$[mV ]XbVm {̀VmV V{ Ag{...

i) x = 0.31712712712....

∴ 100 x = 31.712712712.... ................................ (16)

d  100000 x = 31712.712 712 712.... ........................ (17)

(17) _YyZ (16) dOm H$Í$Z

99900 x = 31681

∴ x =
31681

99900

(ii) y = 0.581858185818..... ............................. (18)

 ∴ 10000 y = 5818.5818 5818 5818..... ..................... (19)

(19) _YyZ (18) dOm H$Í$Z

9999 y = 5818

∴ y =
5818

9999

(16) d (17) Xm{›hr _‹ {̀ Xemße oM›hmZßVa {̀Uma{ AßH$ (AZßVm[ ™̀V)
V{M Amh{V d ÂhUyZ dOm]mH$s H{$Î`mda V{ a‘ hm{VmV d \$∑V [yUm™H$ ^mJ
CaVm{. VerM pÒWVr (19) - (18) `m dOm]mH$sMrhr Amh{.

`m ‡H$ma{ (D15) _‹ {̀ doU©b{br Xemße ÒdÍ$[mVbr [na_{̀  gßª`m p/q

ÒdÍ$[mV H$er ]Xbm`Mr h{ Am[U (16) V{ (19) _‹ {̀ ]oKVb{. `m CbQ> p/q

(¡`mV p d q h{ [yUm™H$, q ≠ 0 ) ÒdÍ$[mVbr [na_{̀  gßª`m Xemße ÒdÍ$[mV
H$er ]Xbm`Mr h{ ]Kỳ m. À`mgmR>r q Z{ p bm ^mJm`M{. CXmhaUmW©
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m̀ (i) V{ (iv) CXmhaUmßdÍ$Z (D14) d (D15) `m Ï`mª`m g_VwÎ`
AgÎ`mM{ oXgyZ {̀V{.

Q>r[ (8) : (a) (i) _Yrb x ¿`m 0.31 712 qH$_VrVrb 712 ̀ m AßH$g_whmbm
x M{ (3 bmß]r Agb{b{) MH́$ (Cycle) ÂhUVmV. À`mM‡_mU{ 5818 h{ (ii)

_Yrb y M{ 4 bmß]r Agb{b{ MH´$ Amh{. (iii) dÍ$Z13/7 = 1.857142 M{ MH´$
857142 AgyZ À`mMr bmß]r 6 Amh{. (iv) dÍ$Z 3/8 = 0.3750 M{ MH´$ EH$
bmß]r Agb{b{ 0 h{ Amh{. MH́$mMr bmß]r ÂhUO{ ¡`m AßH$g_whmMr [wZÈ∑Vr
hm{V{ À`mVrb AßH$mßMr gßª`m

(b) "p/q `m [na_{̀  gßª {̀Mr Xemße [’VrZ{ _mßS>Ur H{$br H$s À`mVrb
MH´$ OmÒVrV OmÒV q - 1 bmß]rM{ Agy eH$V{'' h{ JoUVmVrb EH$ ‡_{̀  Amh{.

CXmhaUmW©, darb CXmhaU (iii) _‹ {̀ 
13 

 = 1.857142
7

`mV MH´$mMr bmß]r OmÒVrV OmÒV e∑` AgV{ V{dT>r ÂhUO{ q - 1 = 6 Amh{.
CXmhaU (i), (ii). (iv) _Yrb ‡À {̀H$mV MH´$mMr bmß]r AZwH´$_{ 3,4, d 1 Amh{.
À`mßV H$m{UÀ`mhr MH́$mMr bmß]r OmÒVrV OmÒV e∑` AgV{ V{dT>r Zmhr.

(c) Xwga{ ‡_{̀  Ag{ gmßJV{ H$s, : ""[na_{̀  gßª {̀¿`m Xemße _mßS>UrVrb
MH´$m¿`m bmß]rM{ gyÃ Amh{ : Oa q hm 2 dm 5 ¿`m [yU© [Q>rV Zg{b Va
10e - 1 _Yrb e `m KmVmßH$mMr bhmZmV bhmZ qH$_V H$s ¡`m_wi{ 10e - 1

bm q Z{ oZ:e{f ^mJ OmVm{''. CXmhaUmW©, 13  
gmR>r MH́$mMr bmß]r 6 Amh{ H$maU

      7

9, 99, 999, 9999, 99999 [°H$s H$m{Umbmhr 7 Z{ oZ:e{f ^mJ OmV
Zmhr [U 106 - 1 = 999999 bm 7 Z{ oZ:e{f ^mJ OmVm{.

999999 
= 142857. 3 ¿`m ]m]VrV 8 hm N>{X 2 ¿`m [yU© [Q>rV AgÎ`mZ{ 3

7 8  8

 gmR>r h{ gyÃ bmJy hm{V Zmhr. x = 31681 ¿`m ]m]VrV X{Irb darb gyÃ
99900

 bmJy [S>V Zmhr, H$maU N>{X 99900 hm 2  d 5 ¿`m [yU© [Q>rV Amh{. 5818 ¿`m
9999

]m]VrV MH´$mMr bmß]r 4 Amh{. H$maU 101 - 1,  102 - 1, 103 - 1 bm 9999

Z{ oZe{:f ̂ mJ OmV Zmhr. [U 104 - 1 = 10000 - 1 = 9999 bm N>{X 9999

Z{ oZ:e{{f ^mJ OmVm{.

6.  H́$_JwoUV (factional)
H$́_JwoUV (n) Mr EH$ Ï`mª`m Amh{ [H́$_JwoUV (n) gmR>r n ! h{ gßH{$VZ

dm[Í$Z ] :

H´$_JwoUV (n) = n ! = 1 x 2  x 3  x 4 x .... x (n-1) x n  .......(D20)
=  n (n - 1) (n - 2) .... 2 x 1

hr Ï`mª`m h{ gmßJV{ H$s n hm YZ[yUm™H$ AgVmZm n ! ÂhUO{ [ohÎ`m n
Z°goJ©H$ gßª`mßMm JwUmH$ma. CXmhaUmW©, 5 ! =  1 x 2 x 3 x 4 x 5 = 120,

6 ! = 6 x 5 x 4 x 3 x 2 x 1 = 6 (5!)  = 6 (120) = 720

ey›` `m [yUm™H$mgmR>r 0 ! = 1 K{ `mMr ‡Wm [mibr OmV{.

H´$_JwoUV (n) = n ! Mr Xwgar Ï`mª`m Amh{ : n hm F$U{Va [yUm™H$ AgÎ`mg

n ! = (n - 1) ! x n    ....................................................(D21)
d 0 ! = 1

(D 21) ¿`m C[`m{JmZ{ 4! Mr qH$_V [wT>rb‡_mU{ o_iodbr OmB©b.
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(iii)
13

 : 7)
 13   (1.8571428.....

7     - 7
            60
          - 56
              40
            - 35
                50
             -  49
                  10

                   -  7
                      30
                    - 28
                        20
                     -  14
                           60

        .
        .

∴
13

= 1.85714285714.... = 1.857142
 7

(iv) 3
8
8)   3 ( 0.375

     - 24
  60
- 56
    40
  - 40

 0

∴
3

= 0.3758
= 0.3750000....
= 0.3750

  }

}



4! = 3! x 4 = (2 !  x 3) x 4=[(1! x 2) x 3]x 4 =[{0! x 1} x 2 ] x 3 x 4

= 1 x 1 x 2 x 3 x 4, [Ï`mª {̀Vrb 0! = 1

Mm C[`m{J H$Í$Z)]

= 24

(D20 ) d (D21) m̀ n! ¿`m Xm{›hr Ï`mª`m g_VwÎ` Amh{V h{ CKS>
Amh{. (n-1) ! Mr qH$_V  1 x 2 x 3 x 4 x ...... x (n -1) AgÎ`mZ{ À`mbm n
Z{ JwUÎ`mda n! o_i{b h{ Ò[Ô> Amh{.

Q>r[ (9) : (D 21) _‹`{ n ! Mr Ï`mª`m H$a `mgmR>r (n -1)! Mm C[`m{J H{$bm
Amh{. ÂhUO{ ¡`m gßH$Î[Z{Mr Ï`mª`m H$amd`mMr À`mM gßH$Î[Z{Mm dm[a
Ï`mª`m H$aVmZm H{$bm J{bm Amh{. À`m_wi{ (D21) hr Ï`mª`m Jm{bmH$ma
(circular) Amh{ Ag{ dmQ>{b. [U Vg{ Zmhr. 0! Mr qH$_V (D21) ̀ m Ï`mª {̀VM
oXÎ`mZ{ (D21) hr Ï`mª`m Jm{bmH$ma hm{V Zmhr. H$g{ V{ [hm. 4! ¿`m
qH$_VrgmR>r 3! Mr qH$_V dm[amd`mMr; 3! Mr qH$_V o_i `mgmR>r 2! Mr
qH$_V dm[amd`mMr; 2! Mr qH$_V H$mT> `mgmR>r 1! ¿`m qH$_VrMm C[`m{J
H$amd`mMm, AmoU 1! gmR>r 0!  Mr qH$_V C[`m{JmV AmUmd`mMr d Vr Va
Ï`mª`{VM oXbr Amh{. 0! Mm AßV^m©d Ï`mª {̀V ZgVm Va Am[U 4! Mr qH$_V
(D21) dm[Í$Z H$mTy> eH$bm{ ZgVm{ d À`m pÒWVrV Ï`mª`m (D21) hr Jm{bmH$ma
Pmbr AgVr. (D21) _‹ {̀M 0! Mr qH$_V oXbr ZgVr Va Vr Ï`mª`m [yU©
Pmbr ZgVr, H$maU 4! H$mT> `mgmR>r, qH$]h˛Zm H$m{UVrhr n! hr qH$_V
H$mT> `mgmR>r Am[U 0! [mer ASy>Z ]gbm{ AgVm{.

Q>r[ (10) : (D21) gmaª`m Ï`mª`mßZm [wZamdVu (recursive) Ï`mª`m
ÂhUVmV. À`mßM{ d°oeÓQ>Á ÂhUO{ ¡`m gßH$Î[Z{Mr Ï`mª`m H$amd`mMr, oVMmM
C[`m{J Ï`mª`m H$aVmZm H$amd`mMm. [wZamdVu Ï`mª`mßZm JoUVm¿`m d
ode{fV: g°’mßoVH$ gßJUH$ emÛm¿`m (Theoretical computer Science)
A‰`mgmV \$ma _hŒdmM{ ÒWmZ Amh{.

7. g_gßª`m
g_gßª {̀Mr Z{h_rMr d gw[naoMV Ï`mª`m Aer Amh{.

Xm{Z¿`m [yU© [Q>rVrb gd© [yUm™H$mßZm g_[yUm™H$ qH$dm g_gßª`m Ag{
ÂhUVmV. ........................................................................(D22)

hrM Ï`mª`m Wm{S>Ámem \$aH$mZ{ d{J˘`m e„XmV [wT>rb ododY ‡H$ma{ oXbr
OmV{. (i) n [yUm™H$ AgVmZm 2n ‡H$ma¿`m [yUm™H$mßZm g_gßª`m ÂhUVmV. (ii)

¡`m [yUm™H$mßZm 2 Z{ oZ:e{f ^mJ OmVm{ À`mßZm g_gßª`m ÂhUVmV. (iii) ¡`m
[yUm™H$mß¿`m e{dQ>Mm ÂhUO{ EH$H$ ÒWmZmMm AßH$ 0, 2, 4, 6 qH$dm 8 AgVm{
À`mßZm g_gßª`m ÂhUVmV.

`m Ï`mª {̀Zwgma 0, ± 2, ± 4, ± 6, .... `m g_gßª`m hm{V. 2, 4, 6 8,
.....`m YZ g_gßª`m, AmoU -2, -4, -6, ....`m F$U g_gßª`m Ag{ À`mßM{
dJuH$aU H{$b{ OmV{. ey›` hm [yUm™H$ g_gßª`m Amh{, [U oVbm YZ AWdm
F$U ̀ m[°H$s H$m{UV{M ode{fU bmJV Zmhr. +0 d - 0 Agm H$mhr ‡H$ma Zmhr.

g_gßª {̀Mr [wT>rb AmUIr d{Jir Ï`mª`m V[mgm :

(i) 2 hr g_gßª`m Amh{; (ii) Oa x hr g_gßª`m Ag{b Va x ±2 `m
X{Irb g_gßª`m AgVmV; (iii) ̀ m 2 oZ`_mßZwgma ¡`m gßª`m V`ma hm{Vrb
À`mßZm AmoU H{$di À`mßZmM g_gßª`m ÂhUVmV.       ..................(D23)

(D23) `m Ï`mª {̀V VrZ ^mJ (qH$dm oZ`_) Amh{V. ^mJ (i) _‹ {̀ 2 h{
g_gßª {̀M{ ‡À`j (concrete) CXmhaU oXb{ Amh{. ^mJ (ii) _‹`{ BVa
g_gßª`m H$em V`ma hm{VmV h{ gmßoJVb{ Amh{. ^mJ (iii) gmßJVm{ H$s (i) d (ii)
`m ̂ mJmßÏ`oVna∑V H$m{UÀ`mhr [’VrZ{ g_gßª`m V`ma H$a `mMm Xmdm H$aVm

{̀Uma Zmhr.

Ï`mª`m (D23) Zwgma 8 hr g_gßª`m Amh{ h{ H$g{ og’ H$amd`mM{ V{
AmVm [hm. Ï`mª {̀¿`m ^mJ (i) ‡_mU{ 2 hr g_gßª`m Amh{. AmVm 2 hr
g_gßª`m AgÎ`m_wi{ ^mJ (ii) dm[ÈZ (ÂhUO{M _mhrV Agb{br x hr
g_gßª`m 2 Amh{ h{ dm[Í$Z) 2 + 2 = 4 hr g_gßª`m hm{V{. AmVm 4 hr
g_gßª`m PmÎ`m_wi{ [w›hm Ï`mª {̀Mm ^mJ (ii) dm[aÎ`mZ{ 4 + 2 = 6 hr
g_gßª`m AgÎ`mM{ XmIodVm `{V{. Vm{M ^mJ (ii) [w›hm EH$Xm dm[Í$Z 6 +
2 = 8 hr g_gßª`m AgÎ`mM{ og’ hm{V{. `mM‡_mU{ ^mJ (ii) [w›hm [w›hm
dm[Í$Z g_gßª`mßMm gßM oZo_©bm OmVm{.

Ï`mª`m (D22) d (D23) ̀ m g_VwÎ` Amh{V. H$maU Xm{›hr_wi{ Vm{M ÂhUO{
{0, ± 2, ± 4, ...}  hmM gßM g_gßª`m `m Zm_mo^YmZmbm [mÃ hm{Vm{.

Q>r[ (11) : C[od^mJ 6 _‹ {̀ Am[U nl Mr [wZamd•Œmr Ï`mª`m [mohbr  À`mdÍ$Z
(D23) hr g_gßª {̀Mr [wZamd•Œmr Ï`mª`m Amh{ h{ bjmV {̀B©b.

Q>r[ (12) : H$m{UÀ`mhr gßk{¿`m AZßV [wZamd•Œmr Ï`mª`m X{U{ e∑` AgV{.
Am[Î`m A‰`mgodf`m¿`m gßX^m©V À`mß[°H$s Or Ï`mª`m AoYH$ `m{Ω` dmQ>{b
Vr oZdS>md`mMr AgV{. g_gßª {̀¿`m AmUIr Xm{Z [wZamd•Œmr Ï`mª`m ]Kmï
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(i) 2 hr g_gßª`m Amh{; (ii) Oa x d y ̀ m g_gßª`m AgVrb Va x ± y
`m X{Irb g_gßª`m AgVmV; (iii) ̀ m Xm{Z oZ`_mßZwgma ¡`m gßª`m V`ma
hm{VmV À`mßZm AmoU H{$di À`mßZmM g_gßª`m ÂhUVmV.  ..............(D24)

ii) 2 d 4 `m g_gßª`m Amh{V; (ii) x hr g_gßª`m Ag{b Va x ± 4 `m
gw’m g_gßª`m AgVmV; (iii) H{$di ̀ m Xm{Z oZ`_mZwgma V`ma Z H{$b{br
gßª`m g_gßª`m Zg{b .      ........................................(D25)

`mß[°H$s ‡À`{H$s Ï`mª`m  0, ± 2, ± 4, ± 6,... hmM gßM g_gßª`mßMm gßM
ÂhUyZ Omhra H$aV{ `mMr ImÃr dmMH$mßZr H$Í$Z ø`mdr.

Q>r[ (13) : darb odd{MZmdÍ$Z 8 qH$dm À`mM‡_mU{ H$m{UVrhr g_gßª`m hr
Iam{IaM g_gßª`m Amh{. h{ XmIod `mg Ï`mª`m (D22) [{jm BVa Ï`mª`mßZm
OmÒV d{i d OmJm ([m`Ë`m) bmJVmV Ag{ oXgV{. (2 Mr Mm°Wr [yU© [Q> 8
Amh{ h{ XmId `mg ÂhUO{ (D22) dm[a `mg H$_r d{i d OmJm bmJV{ Ag{
CKS>CKS> oXgyZ {̀V{) [U H$mhr ]m]VrV (D24) Ï`mª`m hr (D 22) [{jm
OmÒV \$m`⁄mMr hm{D$ eH$V{. H$g{ V{ AmVm [mȟ`m. ""Xm{Z g_gßª`mßMr ]{arO
g_ gßª`mM AgV{'' hm g_gßª`mßMm EH$ _hŒdmMm JwUY_© Amh{. Ï`mª`m
(D22) dm[Í$Z h{ odYmZ og’ H$a `mgmR>r og’Vm Aer obhmdr bmJ{b :

2m d 2n `m H$m{UÀ`mhr g_gßª`m ø`m. `mV m d n h{ [yUm™H$ Amh{V.
AmVm 2m + 2n = 2 (m + n). Xm{Z [yUm™H$mßMr ]{arO [yUm™H$M AgV{, ÂhUyZ
m + n hm [yUm™H$M Amh{. g_Om m + n = q. ÂhUyZ 2m + 2n = 2q. AmVm
q hm [yUm™H$ AgÎ`mZ{ 2m + 2n hr 2q ‡H$maMr ÂhUO{M g_gßª`m Amh{.
2m d 2n `m H$m{UÀ`mhr (arbitrary) g_gßª`m AgÎ`mZ{ BÓQ> odYmZ og’
hm{V{. h{M odYmZ Ï`mª`m (D24) dm[Í$Z Vm]S>Vm{] og’ hm{V{ H$maU À`m
Ï`mª {̀¿`m ^mJ (ii) _wi{ og’Vm Ï`mª`{[mgyZ Am[m{Am[ PQ>H$Z o_iV{.
`mdÍ$Z ̀ m odYmZm¿`m gßX^m©V Ï`mª`m (D24) hr Ï`mª`m (D22) [{jm gm{[r
AgÎ`mM{ ÂhUVm {̀B©b.

8. gwS>m°b gßª`m
[naoeÔ>mV gwS>m°b gßª {̀]m]V _mohVr [hm.

9. g_mam{[ ï
EH$mM gßH$Î[Z{¿`m oZaoZam˘`m Ï`mª`m Agy eH$VmV h{ Am[U ghm

CXmhaUmßZr ]oKVb{. H$m{UVr Ï`mª`m gm{[r h{ gw’m gßX^m©Zwgma ]Xby eH$V{
h{hr Am[U g_gßª {̀¿`m Ï`mª {̀¿`m ]m]VrV ]oKVb{. [wZamd•Œmr ‡H$ma¿`m
Ï`mª`m EH$mM gßH$Î[Z{gmR>r AZßV ‡H$ma{ X{Vm {̀VmV h{hr ode{f OmUdV{.
dmMH$mßZr JoUVm¿`m A‰`mgmV EH$mM gßH$Î[Z{¿`m o_iVrb V{dT>Ám Ï`mª`m
EH$Ã H$amÏ`mV d À`m g_VwÎ` Amh{V h{hr og’ H$a `mMm ‡`ÀZ H$amdm.

***

Z_wÝ`m§Zm \$gy ZH$m - 1

""Z_w›`mßMm (AmH•$Vr]ßYmßMm) A‰`mg ÂhUO{ JoUV'' Ag{ AZ{H$d{im
ÂhQ>b{ OmV{. Ï`dhmamVhr H$mhr Z_wZ{ ]oKVb{ H$s À`m Z_w›`mßdÍ$Z, V{ Z_wZ{
¡`m AmH•$À`mßM{ qH$dm dÒVwßM{ qH$dm g_yhmM{ qH$dm Ï`∑VtM{ AgVmV À`mß¿`m]‘b
H$mhr AQ>H$ir, H$mhr AZw_mZ{, H$mhr AßXmO Am[U ]mßoYVM AgVm{. XwH$mZmV
Ia{XrgmR>r J{bm{ AgVm [m{À`mVrb Am|Oi^a VmßXyi hmVmV K{D$Z À`m
Zw_›`mdÍ$Z, À`m [m{À`mVrb VmßXyi H$gm Amh{ h{ Am[U R>adVm{. Vg{M
H$m[S>m¿`m VmΩ`mVrb Wm{S>{g{ H$m[S> hmVmZ{ ]KyZ À`m H$m[S>m¿`m XOm©]‘b
oZU©̀  Am[U K{V AgVm{. EIm⁄m ‡X{emVbr ]arMer _mUg{ ]wQ>H$s Agb{br
AmT>ibr H$s Vm{ ‡X{e ]wQ>∑`mßMm - Iw¡`m bm{H$mßMm - Amh{ Ag{ g_Ob{ OmV{.
Ï`dhmamV AZ{H$ d{im Aer AZw_mZ{ I[yZ OmVmV. À`m]‘b ode{f _V {̂X
ghgm Ï`∑V H{$b{ OmV ZmhrV.

JoUVmV _mÃ oH$VrVar d{im "Z_w›`mßdÍ$Z oZÓH$fm©‡V ̀ {U{' h{ "gwVmdÍ$Z
ÒdJ© JmR> `mgmaI{' hm{V{. _m{R>_m{R>Ám JoUVkmßZr Z_w›`mßdÍ$Z ]mßYb{br
AZw_mZ{ MwH$sMr oZKmbr Amh{V. `mM{ H$mhr XmIb{ XmIdVm {̀VmV.

‡oVXe© (sample)Mm A‰`mg H$Í$Z Vm{ ‡oVXe© ¡`m g_yhmVyZ Ambm
À`m g_yhm]‘b oZÓH$f© H$mT> `mM{ "AZw_mZemÒÃ' (inference)' Zm_H$ EH$
emÒÃ gmßpª`H$s `m emÒÃemI{Mm EH$ Aod^m¡` ^mJ Amh{. Ag{ oZÓH$f©
oH$Vr ‡_mUmV MwH$sM{ hm{D$ eH$Vrb `mM{hr _m{O_m[ `m emÒÃmV oXb{ OmV{.
CXmhaUmW©, oZdS>UwH$s®¿`m H$mimV H$mhr Q>∑H{$ _VXmamßMm H$b AO_mdyZ
H$m{UÀ`m [jmbm oH$Vr OmJm o_iVrb `mM{ AßXmO ]mßYb{ OmVmV d À`m
AßXmOmV oH$Vr ‡_mUmV H$_r-AoYH$ ]Xb hm{ `mMr e∑`Vm Amh{ `mMrhr
AmH$S>{dmar oXbr OmV{.

JoUVmV H$mhr gßª`m oXÎ`m, AWdm H$mhr ‡`m{JmVyZ dm CXmhaUmVyZ
À`m o_imÎ`m AgÎ`m Va À`m gßª`mß¿`m dmJ `mMm - À`m V`ma hm{ `mMm -
H$mhr oZ`_ Amh{ H$m h{ em{YyZ H$mT>Vm {̀B©b H$m ? À`m oZ`_mV Wm{S>rerhr
MyH$ _mÃ AoO]mV I[yZ K{Vbr OmUma Zmhr. oXb{Î`m gßª`m H$m{UÀ`m
AmH•$Vr]ßYmVyZ AmÎ`m h{ AMyH$[U{ R>aodVm `{B©b H$m ? ÂhUO{ À`m
AmH•$Vr]ßYmM{ gyÃ oZpÌMV[U{ Am{iIVm `{U{ e∑` Amh{ H$m ?

36/ JoUV \w$b{  JoUV \w$b{ /37



Am[Î`mOdirb gßª`mß¿`m ‡oVXem©dÍ$Z À`m gßª`m H$m{UÀ`m H´$_mVrb
(Sequence _Yrb) Amh{V h{ ImÃr[yd©H$ gmßJVm `{B©b H$m ? JoUVmV
og’V{oedm` H$m{UÀ`mhr odYmZmM{ "[mZ hmbV Zmhr'. V{Ïhm Am[Î`mOdi
Agb{Î`m H$mhr gßª`mßdÍ$Z À`m H$m{UÀ`m H́$_mMm (Sequence Mm) ^mJ
Amh{V `mMr og’Vm X{Vm `{B©b H$m ? EIm⁄m [napÒWVrV Am[Î`mbm
o_imb{Î`m qH$dm oXÎ`m J{b{Î`m gßª`m ¡`m oZ`_mZ{ V`ma hm{VmV Ag{
Am[Î`mbm dmQ>V{ qH$dm ^mgV{, Vm{M oZ`_ À`m [napÒWVrVrb [wT>rb gßª`m
V`ma hm{ `mbmhr bmJy [S>{b H$m ? ÂhUO{M oXb{Î`m gßª`m V`ma hm{ `mMm
oZ`_ Am[U ]am{]a Am{iIbm Amh{ H$m ? Vg{ Ag{b qH$dm Zg{b, Va À`mMr
og’Vm H$m` ? _ZmV CX≤̂ db{Î`m `m d Aem ‡ÌZmßMr CŒma{ em{Y `mgmR>r
Am[U AZ{H$ CXmhaUmßM{ XmIb{ K{D$ eH$Vm{. À`mßdÍ$Z JoUVm¿`m A‰`mgmV
Z_w›`mßdÍ$Z \$gb{ Om `m¿`m oH$VrVar ododY e∑`Vm Am[Î`m[wT>{ gVV

{̀V AgVmV `mMr OmUrd hm{D$ eH{$b d À`m AZŵ dmßdÍ$Z AIßS> gmdY d
OmJÍ$H$ amh `m¿`m AmdÌ`H$V{da ‡H$me [S>{b.

Z{h_r odMmaÎ`m OmUmË`m ‡ÌZmgmaImM EH$ ‡ÌZ ‡W_ odMmamV
K{D$`m.

‡ÌZ : Imbrb "H´$_m'Vrb ("Sequence' _Yrb) oXb{Î`m gßª`mZßVaMr
[ohbr gßª`m H$m{UVr ?

2, 4, 6, 8,... ........................(1)

Q>r[ (1) : oXb{Î`m "H́$_m'Vrb [ohÎ`m Mma gßª`m oXÎ`m AgyZ 5 dr gßª`m
H$m{UVr h{ odMmab{ Amh{. "...' `m qQ>]mZr Vm{ "H´$_' oOVH$m dmT>dy oVVH$m
dmT>dVm `{Vm{ h{ gmßoJVb{ Amh{. h{M JoUVr ^mf{V ""hm "H´$_' AZßVm[`™V
OmVm{'' Ag{ ÂhUVmV.

Q>r[ (2) : gH•$VXe©Zr hm ‡ÌZ BVH$m gm{[m dmQ>Vm{ H$s "hm ‡ÌZ odMmÍ$Z VwÂhr
Am_Mm A[_mZ Va H$arV Zmhr Zm ?' Ag{ dmMH$mbm dmQy> eH{$b. dmMH$mbm
Ag{hr dmQ> `mMr e∑`Vm Amh{ H$s OJmVrb H$m{UVrhr Ï`∑Vr - gwoeojV,
AoeojV, gmja, oZaja (d{S>{ d H$XmoMV _ßX]w’r gm{Sy>Z) ̀ m ‡ÌZmM{ AJXr
]am{]a CŒma X{D$ eH{$b, _J À`m Ï`∑VrMm JoUVmMm H$mhrhr A‰`mg Zgbm
Var. [U ‡À`jmV Ia{ H$m` `mMm CbJS>m [wT>rb odd{MZmdÍ$Z hm{B©b.

odd{MZ ï
"(1) _‹ {̀ oXb{Î`m Mma gßª`mß¿`m [wT>rb, ÂhUO{ 5 dr gßª`m 10 Amh{''

Ag{M darb ‡ÌZmM{ CŒma ]h˛V{H$OU X{Vrb. CŒma ]am{]a H$s MyH$ `m[{jm

"oXb{b{ CŒma Vg{ H$m ?' ̀ mMr H$maU_r_mßgm _hŒdmMr AgV{. À`mdÍ$Z CŒma
o_id `mgmR>r H$gm odMma H{$bm OmVm{ h{ g_OyZ {̀V{ d À`m odMmamV H$mhr
ÃwQ>r AgÎ`mg Vr XmIdyZ X{ `mMr gßYr o_iV{.

darb ‡ÌZmM{ CŒma 10 H$m ? Ag{ odMmab{ AgVm ]h̨Ym [wT>rb‡_mU{
CŒma{ o_iVmV.

A) H$m{Ur ÂhUVmV 2, 4, 6, 8 `m gßª`m Am{irZ{ 2 ¿`m 1 [Q>, 2 [Q>,3 [Q>
d 4 [Q> Amh{V d ÂhUyZ À`mß¿`m [wT>Mr gßª`m 2 ¿`m 5 [Q> Agbr [mohO{.
AmoU 2 Mr 5 [Q>  10 Amh{. ÂhUyZ CŒma  10.

B) H$m{Ur ÂhUVmV  2, 4, 6, 8 `m gwadmVr¿`m Am{irZ{ {̀UmË`m g_gßª`m
Amh{V. À`mß¿`m ZßVaMr g_gßª`m Amh{ 10. ÂhUyZ CŒma 10.

C) H$m{Ur ÂhUVmV, 4 d 2 _Yrb \$aH$ 2 Amh{, 6 d 4 `mß¿`mVrb \$aH$  2
Amh{, d  8 d  6 ̀ mß¿`m_Yrb \$aH$ 2 Amh{. À`m_wi{ 8 ZßVaMr gßª`m 10

Ag{b VaM 10 d 8 _Yrb \$aH$ 2 Ag{b. AmoU Aem VËh{Z{
e{Omae{Oma¿`m ‡À {̀H$ Xm{Z gßª`mß_Yrb \$aH$ 2 amh `mgmR>r CŒma
hd{ 10.

darb oV›hr CŒma{, CŒma 10 Ag `mM{ V{M H$maU X{VmV; \$∑V V{
oZaoZam˘`m e„XmV oXb{ J{b{ Amh{. darb H$maU AmUIr oZam˘`m e„XmV,
[U Wm{S>Ám AoYH$ JoUVr ^mf{V [wT>rb‡_mU{ gmßoJVb{ OmV{. oXb{Î`m Mmar
gßª`m 2n ‡H$mam¿`m Amh{V. 2n _‹ {̀ n Mr qH$_V AZwH́$_{ 1, 2, 3, 4 hr
K{Vbr AgVm 2, 4, 6, 8 `m gßª`m AZwH́$_{ o_iVmV. À`m_wi{ n Mr 5 hr
[wT>rb qH$_V K{VÎ`mg 2n Mr qH$_V 10 hm{V{ d ÂhUyZ CŒma 10. 2n bm "2,

4, 6, 8,...'' ̀ m "H´$_m'M{ gd©gmYmaU [X (general term) ÂhUVmV. d{J˘`m
^mf{V h{M "2n h{ gyÃ 2, 4, 6, 8,... hm "H́$_' ‡gdV{ (V`ma H$aV{)'' qH$dm
""2n h{ gyÃ 2, 4, 6, 8,... ̀ m "H´$_m'bm O›_ X{V{'' qH$dm "2n h{ 2, 4, 6, 8,...

M{ OZH$gyÃ Amh{'' Ag{ gmßoJVb{ OmV{.

]h̨V{H$mß¿`m _ZmßV 10 h{M darb ‡˝mM{ `m{Ω` CŒma Amh{ Ag{ dmQ>V
AgÎ`mZ{ À`mßZm darb H$m ©̀H$maU_r_mßgm `m{Ω` dmQ>V{. [U AmVm n4 - 10n3

+ 35 n2 - 48n + 24 h{ gyÃ ø`m. À`mV AZwH́$_{ n = 1, 2, 3, 4 `m qH$_Vr
Kmbm. À`m_wi{ 2, 4, 6, 8 `mM gßª`m AZwH́$_{ o_iVrb. À`m_wi{ n4 - 10n3

+ 35n2 - 48n + 24 h{ gyÃhr (1) _‹ {̀ oXb{Î`m "H́$_m'bm O›_ X{V{ h{ oXgyZ
38 / JoUV \w$b{  JoUV \w$b{/39



{̀B©b. `m gyÃmV n = 5 KmVÎ`mg 34 o_iVmV. À`m_wi{ "(1) `m "H́$_m'Vrb
[wT>br ÂhUO{ 5 dr gßª`m 34 Amh{'' Ag{hr darb ‡˝mM{ CŒma hm{D$ eH{$b. _J

‡ÌZ 1 M{ 10 h{ CŒma ]am{]a H$m 34 h{ CŒma ]am{]a ?
(1) _Yrb oXb{Î`m 2, 4, 6, 8 `m gßª`mßM{ 2n h{ OZH$gyÃ Amh{ Ag{

ÂhUU{ oOVH{$ `m{Ω`, oVVH{$M n4 - 10n3 + 35n2 - 48n + 24 h{hr À`mM
gßª`mßM{ OZH$gyÃ Amh{ h{ ÂhUU{hr oVVH{$M `m{Ω` Amh{. Vg{ ÂhUmb Va  2,

4, 6, 8 `m Mma gßª`mßMr hOmam{, bmIm{ AmoU Ia{ ÂhUO{ AZßV OZH$gyÃ{
V`ma H$aVm {̀Vrb. `mVrb ‡À {̀H$ OZH$gyÃmH$Sy>Z n = 1, 2, 3, 4 gmR>r
AZwH́$_{ 2, 4, 6, 8 `mM gßª`m o_iVrb, [U n = 5 gmR>r oZaoZam˘`m
gßª`m o_iVrb. _J darb ‡˝mM{ `m{Ω` CŒma H$m` ? oZaoZamir ([U `m{Ω`
AgUmar) OZH$gyÃ{ oZaoZamir CŒma{ X{Vrb.

`m gd© odd{MZmMm AW© Agm H$s ZwgÀ`m  2, 4, 6, 8 `m Mma (qH$dm
Aem‡H$ma{ oH$Vrhr gm›V) gßª`m X{D$Z "2, 4, 6, 8,... `mVrb  5 dr gßª`m
H$m{UVr ?'' `m ‡ÌZmbm EH$_{d CŒma Zmhr. ÂhUO{M Agm ‡ÌZ odMmaU{M
MyH$ Amh{.

"oXb{Î`m gßª`mß¿`m [wT>br gßª`m H$m{UVr ?' ̀ m ‡ÌZmgmaI{ ‡ÌZ AZ{H$
oR>H$mUr odMmab{ OmVmV. JoUVm¿`m [arjmVyZ Va V{ AgVmVM. oedm`
AJXr b{IoZH$ oZdS> `mgmR>r K{VÎ`m OmUmË`m [arjmßVyZhr V{ oXgyZ ̀ {VmV.
ode{f ÂhUO{ "AO©Xmam_‹`{ AWdm od⁄mœ`m©_‹`{ Z_w›`mßdÍ$Z _yi H´$_
(squence) Am{iI `mM{ H$g] Amh{ H$m h{ ]K `mgmR>r Ag{ ‡ÌZ AmÂhr
_w‘m_ odMmab{' Ag{hr gmßoJVb{ OmV{. Am[U da O{ odd{MZ H{$b{ À`mdÍ$Z
_mÃ h{ CKS> Pmb{ H$s JoUVm¿`m —ÓQ>rZ{ Aem ‡ÌZmßZm Vgm H$mhr AW© Zmhr,
qH$]h̨Zm JoUVm¿`m —ÓQ>rZ{ Ag{ ‡ÌZ odMmaU{ H$mhrg{ MwH$sM{M Amh{.

oZaoZamir OZH$gyÃ{ H$er o_iVmV ?
2, 4, 6, 8 gmR>r 2n AmoU n4 - 10n3 + 35n2 - 48n + 24 hr Xm{Z

d{Jd{Jir OZH$gyÃ{ H$erH$m` ? 2n ̀ m amerMr H$m{Q>r 1 Amh{, Va n4 - 10n3

+ 35n2 - 48n + 24 `m amerMr H$m{Q>r (degree) 4 Amh{. ÂhUO{ 2n _‹ {̀
H$mhrVar o_iodÎ`mdaM n4 - 10n3 + 35n2 - 48n + 24 o_iUma. `m
Xm{›hr OZH$gyÃmß¿`m n = 1, 2, 3, 4 gmR>r¿`m qH$_Vr g_mZ AgÎ`mZ{ 2n

_‹ {̀ Aer amer o_iodbr [mohO{ H$s oOMr qH$_V n = 1, 2, 3, 4 gmR>r ey›`

Agbr [mohO{. Aem amerM{ EH$ CXmhaU (n - 1) (n - 2) (n - 3) (n - 4) h{
Amh{. AmVm

n = 1, 2, 3, 4 gmR>r  (n - 1) (n - 2) (n - 3) (n - 4) = 0 AgÎ`mZ{

2n + (n - 1) (n - 2) (n - 3) (n - 4) `mbm gaiÍ$[ ⁄m.

VwÂhmßbm n4 - 10n3 + 35n2 - 48n + 24 hr amer o_i{b.

2 (n - 1) (n - 2) (n - 3) (n - 4),Vg{M 3 (n - 1) (n - 2) (n - 3) (n - 4)

`m amet¿`m qH$_Vr X{Irb n = 1, 2, 3, 4 gmR>r ey›`M Amh{V. qH$]h̨Zm

q hm H$m{UVmhr [yUm™H$ AgVmZm   n = 1, 2, 3, 4 gmR>r

q (n - 1) (n - 2) (n - 3) (n - 4) = 0  ÂhUyZ

2n + q (n - 1) (n - 2) (n - 3) (n - 4), q = H$m{UVmhr [yUm™H$

`m gmË`m (EHy$U AZßV) amer 2, 4, 6, 8 gmR>r OZH$gyÃ{ ]ZVrb AmoU
ÂhUyZ "2, 4, 6, 8,... ̀ m "H́$_m'Vrb [wT>rb (ÂhUO{ [mMdr) gßª`m H$m{UVr ?''
`m ‡ÌZmMr AZßV `m{Ω` CŒma{ Agy eH$Vrb; EH$ AmoU EH$M CŒma AgUma
Zmhr.  `m gdm©Mm AW© Agm hm{Vm{ H$s,

2, 4, 6, 8,..., 2n,... .................................................... (2)

hm EH$ H́$_ (Sequence) Amh{. Vg{M

2, 4, 6, 8,..., (n4 - 10n3 + 35n2 - 48n + 24),... .......... (3)

hm AmUIrZ oZamim H´$_ Amh{. (2) d (3) h{ oZaoZami{ H́$_ Amh{V h{ ‹`mZmßV
ø`m. H$maU (2) `m H´$_m_‹ {̀ [mMdr gßª`m 10 AmoU (3) `m H́$_m_‹ {̀ [mMdr
gßª`m 34 Amh{. [mMÏ`m ZßVa¿`m gßª`mhr `m Xm{Z H́$_mß_‹ {̀ oZaoZam˘`m
AgVrb. (2) _‹ {̀ gd©gmYmaU [X 2n Amh{, Va (3) _‹ {̀ gd©gmYmaU [X
n4 - 10n3 + 35n2 - 48n + 24 h{ Amh{.

h{ AJXr [∑H{$ bjmV R>{db{ [mohO{ H$s,

gd©gmYmaU [X oXÎ`moedm` "H́$_m'Mr Ï`mª`m [yU© hm{D$ eH$V Zmhr. ...(4)

ÂhUO{M], H{$di H$mhr gm›V gßª`m X{D$Z H´$_mMr Ï`mª`m H$aVm `{V
Zmhr...
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H´$_mMr Ï`mª`m X{VmZm À`m H´$_mM{ gd©gmYmaU[X X{U{ AmdÌ`H$
AgÎ`mZ{

2, 4, 6, 8,  ...........

hm H́$_ Zmhr. H$maU `mV gd©gmYmaU [XmMm H$mhrM CÎb{I Zmhr. ÂhUyZM
gwadmVr[mgyZ '2, 4, 6, 8...'Mm O{W{ O{W{ CÎb{I Ambm Amh{ V{W{ V{W{ "H´$_'
hm e„X AdVaU oM›hmV ("H́$_' Agm) KmVbm Amh{.

`m EH$m _mgb{dmB©H$ CXmhaUmdÍ$Z Am[U h{ oeH$bm{ H$s gd©gmYmaU
[X Z X{Vm ZwgVr qQ>]{ qQ>]{ (...) (Oer (1) _‹ {̀ oXbr Amh{V) dm[Í$Z oH$Vrhr
gm›V gßª`m X{D$Z JoUVmVrb H́$_ `m gßH$Î[Z{M{ CXmhaU X{Vm {̀V Zmhr.
Aem ÒdÍ$[mM{ AmUIr EH$ CXmhaU ]Kỳ m.

1, 2, 4, 7, 11, 16,... ....(5)

h{ H´$_mM{ CXmhaU hm{D$ eH$V Zmhr. H$maU dada [mhVm a1 = 1 AmoU am

= am - 1 + (m - 1), m = 2, 3, 4, ... h{ (5) M{ OZH$gyÃ AgÎ`mM{ dmQ>V{
[U

a1 = 1 AmoU am = am - 1 + (m - 1) + (m - 2) (m - 3) (m - 4)

(m - 5) (m - 6), m = 2, 3, 4,... h{ gw’m (5) M{ gd©gmYmaU [X (qH$dm
OZH$gyÃ) hm{D$ eH$V{. ̀ mM‡H$ma{ (5) Mr AZßV OZH$gyÃ{ X{Vm ̀ {Vrb. ÂhUO{
(5) dm[Í$Z H́$_mMr `m{Ω` Ï`mª`m H$aVm {̀V Zmhr. À`mgmR>r ÂhUO{ H$́_mMr
`m{Ω` Ï`mª`m X{ `mgmR>r `m{Ω` V{ Bp¿N>V OZH$gyÃ oXb{M [mohO{.

✰ ✰ ✰

****

Z_wÝ`m§Zm \$gy ZH$m - 2

EH$m Am`Vm¿`m AmVrb ]mOyg EH$ dVw©i H$mT>m. À`m dVw©im_wi{ Am`V
Xm{Z ^mJmV dmQ>bm OmVm{. (AmH•$Vr 1 [hm) dVw©im¿`m AmVrb hm EH$ ^mJ
AmoU dVw©im¿`m ]mh{arb [U Am`Vm¿`m AmVrb hm Xwgam ^mJ. AmH•$Vr 1
_‹ {̀ h{ Xm{Z ^mJ 1 d 2 `m H́$_mH$mßZr XmIodb{ Amh{V.

AmVm EH$m Am`Vm¿`m AmVrb ]mOyg EH$_{H$mßZm N>{XUmar Xm{Z dVw©i{ H$mT>m
(AmH•$Vr  2 [hm) À`m_wi{ Am`Vm¿`m AmVrb ^mJ EHy$U 4 ^mJmV od^mJbm
OmVm{. h{ Mma ^mJ  1,2,3,4 `m H́$_mH$mßZr XmIodb{ Amh{V. (Xm{›hr dVw©i{
g_mZ oÃ¡ {̀Mr Agbr [mohO{V Ag{ Zmhr.)

AmVm EH$m Am`Vm¿`m AmVrb ^mJ OmÒVrV OmÒV ^mJmV od^mJbm
OmB©b Aem VËh{Z{ À`m Am`Vm¿`m AmVrb ^mJmV EH$_{H$mßZm N>{XUmar 3

dVw©i{ H$mT>m. (hr oV›hr dVw©i{ g_mZ oÃ¡`mßMr Agbr [mohO{V Ag{ Zmhr)
AmH•$Vr 3 [hm. Aem 3 dVw©imßZr Am`VmMm AßV^m©J OmÒVrV OmÒV 8 ̂ mJmV
od^mJbm OmD$ eH$Vm{ h{ Am[Î`m bjmV {̀B©b. AmH•$Vr 3 _‹`{ `m 8 ̂ mJmßZm
1 V{ 8  H´$_mßH$ oXb{ Amh{V.

Aem ‡H$ma¿`m AmH•$À`m Am[U gßMm¿`m A‰`mgmV d{Z (Venn)AmH•$À`m
ZmdmZ{ H$mT>rV AgVm{. [w›hm AmH•$Vr 1 [hm. À`mVrb Am`V hm odÌdgßM
(Universal Set) Amh{ Ag{ Am[U YÍ$Z Mmbỳ m. Vm{ S ̀ m AjamZ{ XmIodbm
OmVm{. À`mVrb dVw©i, A hm gßM XmIdV{ Ag{ g_Om. À`m_wi{ À`m AmH•$VrVrb
^mJ 2 hm A Mm [yaH$ gßM (Complementary Set  of A = A ) XmId{b.
AmH•$Vr 1 _Yrb ^mJmßZm À`m‡_mU{ Zmd{ oXbr Amh{V.
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AmH•$Vr 2 _Yrb Am`V hm odÌdgßM S AgyZ À`m¿`m AmVrb Xm{Z dVw©i{
A d B h{ Xm{Z gßM Xe©odVmV Ag{ _mZỳ m. `m AmH•$VrVrb ^mJ 3 hm AB hm
gßM XmId{b. Vm{ A d B `m Xm{Z gßMmMm N>{X gßM (intresection) XmIdVm{.
À`mM‡_mU{ ^mJ 2,4 d 1 h{ AZwH́$_{ AB,  AB  d  AB h{ gßM XmIodVmV.
AmH•$Vr 2 _‹ {̀ 1 V{ 4 `m ^mJmßZm À`m‡_mU{ Zmd{ oXbr AgÎ`mM{ oXg{b.

AmH•$Vr  3 _Yrb VrZ dVw©i{ hr A,
B, C ZmdmM{ gßM XmIdVmV Ag{ g_Om.
À`mßZm À`m‡_mU{ Zmd{ oXbr Amh{V. {̀W{hr
odÌdgßM S ZmdmZ{ Am`V H$mT yZM
XmIodbm Amh{. À`mM{ VrZ dVw©imß_wi{  8
^mJ Pmb{ Amh{V. h{ 8 ^mJ H$m{UV{ gßM
XmIodVmV V{ H$m{Ô>H$ 1 _‹`{ XmIodb{
Amh{. AmH•$Vr_‹`{hr À`m À`m ^mJmßMr
À`mZwgma Zmd{ obohbr Amh{V. hr Zmd{
]am{]a AgÎ`mMr ImÃr H$Í$Z ø`m. CXm.
^mJ 1 hm B  d C  hm ̀ m Xm{›hr gßMm¿`m (ÂhUO{M B d C  ̀ mßZr XmIodb{Î`m
dVw©imß¿`m) ]mh{a, [U A  gßMm¿`m AmV {̀V Amh{. ÂhUyZ ^mJ 1 hm  A, B, C
`m VrZ gßMmßMm N>{X (intersection) Amh{ ÂhUO{M Vm{ A ∩ B ∩ C = ABC
Amh{.

AmVm S odÌdgßMmV  A,B,C,D h{ Mma gßM Amh{V Ag{ g_Om.
odÌdgßMmVrb x hm EImXm gXÒ` A _‹ {̀ Ag{b qH$dm Zg{b; Vg{M Vm{ B ̀ m
gßMmV Ag{b qH$dm Zg{b; C  _‹ {̀ Ag{b qH$dm Zg{b AmoU D _‹ {̀ Ag{b
qH$dm Zg{b À`mZwgma odÌdgßM H$m{Ô>H$ 2 _‹ {̀ XmIodb{Î`m 16 C[gßMmV
od^mJbm OmV AgÎ`mM{ d{Z AmH•$VrV XmIdmd{ bmJ{b.

À`mgmR>r  A,B,C,D h{ Mma gßM EH$_{H$mßg N>{XUmË`m Mma dVw©imßZr
XmIod `mM{ R>aodÎ`mg, À`mß¿`m EH$_{H$mßg N>{X `m_wi{, Am`VmZ{ XmIodb{bm
S hm odÌdgßM H$m{Ô>H$ 2 _‹ {̀ oXb{Î`m 16 ^mJmV od^mJbm OmU{ AmdÌ`H$
Amh{.

d{Z AmH•$VrV ‡À`{H$ gßM dVw©imZ{ XmIodÎ`mg, EH$ gßM AgVmZm
odÌdgßMmM{ 2 = (21) od^mJ hm{VmV. Xm{Z gßM AgVmZm OmÒVrV OmÒV 4 =
(22) od^mJ hm{VmV. d VrZ gßM AgVmZm OmÒVrV OmÒV 8 = (23) od^mJ
hm{VmV h{ Am[U AZwH́$_{ AmH•$Vr 1,2,3 _‹ {̀ [mohb{ Amh{.

H$m{Ô>H$ 1

AmH•$Vr 3 _Yrb ^mJ H́$_mßH$ À`m ^mJmZ{ XmIodb{Î`m gßMmM{ Zmd

1 A B C
2 A B C
3 A B C
4 A B C
5 A B C
6 A B C
7 A B C
8 A B C

H$m{Ô>H$ 2

ABCD A B C D A B C D A B C D A B C D
A B C D A B C D A B C D
A B C D A B C D A B C D
A B C D A B C D A B C D

A B C D
A B C D

À`m Z_w›`mßdÍ$Z EIm⁄m Am`VmV EH$_{H$mßZm N>{XUmar 4 dVw©i{ H$mT>Î`mg
Vm{ Am`V OmÒVrV OmÒV 24 = 16 ^mJmV od^mJbm OmVm{ Agm AßXmO
Am[U ]mßYy eH$Vm{.

[U Agm oZÓH$f© H$mT>U{ ÂhUO{ Z_w›`mdÍ$Z \$gb{ OmU{ Amh{. H$maU
Am`Vm¿`m AßJ^m©JmV EH$_{H$mßZm N>{XUmar Mma dVw©i{ H$erhr H$mT>br

Var Vr À`m Am`Vmbm OmÒVrV OmÒV 14 ̂ mJmVM od^mJy eH$VmV. H$m{UÀ`mhr
[napÒWVrV Mma dVw©imß_wi{ Am`V 14 [{jm OmÒV ^mJmV dmQ>bm OmU{ e∑`
Zmhr. (AmH•$Vr 4 [hm)
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¡`m ‡_mU{ oÃH$m{U H$gmhr H$mT>bm Var À`m¿`m VrZ H$m{ZmßMr ]{arO
1800 AgV{; À`m[{jm H$_r dm OmÒV Agy eH$V Zmhr. À`mM‡_mU{ EIm⁄m
‡VbmV EH$_{H$mßg N>{XUmar 4 dVw©i{ H$mT>Î`mg Vr À`m ‡Vbmg 14 [{jm AoYH$
^mJmV dmQy> eH$V ZmhrV. dmMH$mßZr oZaoZam˘`m ‡H$ma{ 4 dVw©i{ H$mTy>Z `m
gÀ`mMm ‡À`` AdÌ` ø`mdm.

`m odd{MZmMm YS>m qH$dm VmÀ[ ©̀ Ag{ H$s Mma dm À`mhŽ AoYH$ gßMmer
gß]ßY AmÎ`mg V{ gd© gßM d{Z AmH•$VrV dVw©imßZr XmIdU{ `m{Ω` d C[ ẁ∫$
R>aV Zmhr. qH$]h̨Zm Vg{ H$aU{ MwH$sM{ R>a{b. _J gmhoOH$M Agm ‡ÌZ C^m
R>mH$Vm{ H$s ""Mma gßM AgÎ`mg V{ d{Z AmH•$VrV H$g{ XmIdmd{ ?''

H$m{Ô>H$ 3

AmH•$Vr 5 _Yrb ^mJ H́$_mßH$ gß]ßoYV C[gßM

1 A B C D
2 A B C D
3 A B C D
4 A B C D
5 A B C D
6 A B C D
7 A B C D
8 A B C D
9 A B C D

10 A B C D
11 A B C D
12 A B C D
13 A B C D
14 A B C D
15 A B C D
16 A B C D

gßM XmIod `mgmR>r dVw©i dm[a `mg haH$V Zmhr. [U Mma dm Mma[{jm
OmÒV gßM AgÎ`mg gd© gßM dVw©imßZr XmIodU{ A`m{Ω` Amh{. gßM
XmIod `mgmR>r dVw©im]am{]a Mm°ag, Am`V, bß]dVw©i d BVa H$m{UÀ`mhr
‡H$ma¿`m AmH•$À`m dm[aVm {̀VmV. CXmhaUmW© AmH•$Vr 5 [hm. À`mV A hm
gßM TQMN ̀ m Mm°agmZ{, B hm gßM RSPQ ̀ m Am`VmZ{, C hm gßM dVw©imZ{

AmoU D hm gßM bß]dVw©imZ{ XmIodb{ Amh{V. ̀ m AmH•$VrgmR>r odÌdgßM ÂhUyZ
`m Mmar gßMmßZm gm_mdyZ K{Umam Am`V H$mT>Vm {̀B©b. [U {̀W{ h{ Mmar gßM
¡`m H$mJXmda H$mT>b{ Amh{V À`m H$mJXmZ{ V`ma Pmb{b{ ‡VbM odÌdgßM
(S) AgÎ`mM{ _mZb{ Amh{. h{ Mmar gßM EH$_{H$mßZm N>{XÎ`m_wi{ oZ_m©U Pmb{b{
16 ^mJ AmH•$Vr 5 _‹ {̀M 1 V{ 16 `m AmH$S>ÁmßZr XmIdb{ Amh{V. `mVrb
‡À {̀H$ ̂ mJ (H$m{Ô>H$ 2) _‹ {̀ oXb{Î`mß[°H$s H$m{UVm C[gßM XmIodVm{ V{ H$m{Ô>H$
3 _‹ {̀ oXb{ Amh{.

d{Z AmH•$Vr H$mT>VmZm Mma gßM oZaoZam˘`m AmH•$VtZr XmIodÎ`mda
À`m Mma gßMm¿`m EH$_{H$mg N>{X `m_wi{ odÌdgßMmM{ 16 ̂ mJ Pmb{b{ AmT>ib{
Var Vr AmH•$Vr `m{Ω` Ag{bM Ag{ Zmhr. Mma gßM d À`mVyZ oZ_m©U hm{Uma{
H$m{Ô>H$ 2 _‹ {̀ oXb{b{ gd© 16 C[gßM À`m AmH•$VrV XmIdb{ J{b{ Amh{V H$s
Zmhr h{ ZrQ> V[mgb{ [mohO{. CXmhaUmW© AmH•$Vr  6 [hm. À`mV S hm odÌdgßM
d A,B,C,D h{ Mma gßM XmIodb{ Amh{V. odÌdgßM À`m_wi{ 16 ^mJmV
od^mJbmhr J{bm Amh{. [U À`mVrb ^mJ H́$_mßH$ 2 d 13 h{ Xm{›hr A B C D

hmM C[gßM XmIodVmV AmoU A B C D  hm C[gßM À`mV XmIodbmM OmV
Zmhr. À`m_wi{ AmH•$Vr 6 ̀ m{Ω` Zmhr. AmH•$Vr 7 hr ̀ m{Ω` H$s A`m{Ω` h{ dmMH$mßZr
V[mgyZ Mma d À`mȟZ AoYH$ gßMmMr oXb{br d{Z AmH•$Vr `m{Ω` dm A`m{Ω` h{
R>aod `mMm gamd H$amdm.

Mma dm À`mȟZ AoYH$ gßMmgmR>r d{Z AmH•$Vr H$mT>VmZm H$miOr ø`mdr
bmJV{. H$mhr d{im gßMmgmR>r dm[ab{Î`m AmH•$Vt_wi{ (dVw©i, bß]dVw©i, Mm°ag,
Am`V BÀ`mXt_wi{) odÌdgßM OÍ$ar[{jm AoYH$ ^mJmV od^mJbm OmD$
eH$Vm{. Mma gßMmgmR>r H$mT>b{Î`m AmH•$Vr 8  d 9 _Yrb d{Z AmH•$À`m [hm.
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*****

_.gm.od. AmoU b.gm.od. `m§M{ JwUY_©

1. odf` ‡d{e
oXb{Î`m Xm{Z [yUm™H$mßMm _hŒm_ gmYmaU (qH$dm gm_m`rH$) od^mOH$

(_gmod) AmoU bKwV_ gmYmaU (qH$dm gm_m`rH$) od^m¡` (bgmod) H$g{
H$mT>m`M{ h{ Am[U emi{VM oeH$Vm{. _gmod H$mT> `m¿`m gd©gmYmaUV: Xm{Z
[’Vr Am[U A‰`mgVm{. EH$ [’V ÂhUO{ ‡À`{H$ [yUm™H$mM{ _yi-Ad`d
(ÂhUO{M _yi-od^mOH$) H$mTy>Z À`m Xm{Z gßª`mß¿`m _yi-Ad`dmßMr VwbZm
H$Í$Z Xm{KmßZm gm_mB©H$ Agb{b{ od^mOH$ K{D$Z À`mßMm JwUmH$ma H$amd`mMm.
Xwgar [’V Amh{ ^mJmH$ma d Cab{br ]mH$s `mßda AmYmnaV ẁ∑brS> `mßMr
[’V. Xm{›hr [yUm™H$mM{ _yi-Ad`d o_imb{ H$s V{ Ad`d dm[Í$Z À`m
[yUm™H$m¿`m _gmod ]am{]a À`mßMm bgmod X{Irb H$mT>Vm {̀Vm{. qH$dm EH$Xm
_gmod o_imbm H$s "_gmod  x  bgmod = À`m Xm{Z [yUm™H$mßMm JwUmH$ma' h{
gyÃ dm[Í$Z bgmod o_iodVm `{Vm{. `m [’Vr dm[Í$Z Xm{Z[{jm AoYH$
[yUm™H$mßM{ _gmod AmoU bgmod H$g{ H$mT>md`mM{ h{hr Am[U oeH$Vm{. [U _gmod
d bgmod `mßM{ oH$VrVar gm{[{ AmoU gwßXa JwUY_©, gßª`mß¿`m d gßMmß¿`m
JwUY_m™er o_iV{OwiV{ Amh{V `mMm A‰`mg Ï`dpÒWV[U{ ghgm H{$bm OmV
Zmhr. ÂhUyZ ̀ m b{ImV V{ JwUY_© Am[U A‰`mgUma Amhm{V. _gmod d bgmod
`mßM{ BV∑`m _m{R>Ám ‡_mUmda AgUma{ JwUY_© [mhˇZ Am¸`© d AMß]m
dmQ>Î`moedm` amhUma Zmhr.

2. gßH{$VZ (notation)
12 d 18 ̀ m Xm{Z [yUm™H$mßMm _gmod Amh{ 6, d bgmod Amh{ 36. h{ Am[U

gd©gmYmaUV: _gmod (12, 18) = 6 d bgmod (12, 18) = 36 Ag{
obohVm{. a d b `m Xm{Z gßª`mßMr ]{arO, dOm]mH$s, JwUmH$ma, d ^mJmH$ma
Am[U OdiOdi Z{h_rM AZwH́$_{ a + b, a - b, a x b (qH$dm a . b qH$dm
ab), d a ÷ b (qH$dm a / b) Ag{ obohVm{. ]{arO, dOm]mH$s, JwUmH$ma,
^mJmH$ma ̀ m, gßª`mßda H$a `mV ̀ {UmË`m oH́$`m (operations) Amh{V. ̀ mVrb
‡À {̀H$ oH́$`m Xm{Z gßª`mßda H$aVm {̀V{. ÂhUyZ À`mßZm o¤[X oH́$`m ÂhUVmV.

a d b ̀ mßMr ]{arO a + b Aer oboh `mE{dOr ]{arO (a, b) qH$dm + (a,
b) Aerhr obohVm {̀B©b. H$mhr gßH{$VZ{ dm[am`bm ]m{OS> d oH$MH$Q> Va
H$mhr gm{[r d gwQ>gwQ>rV dmQ>VmV. CXmhaUmW© + (a, b) h{ gßH{$VZ a + b `m
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À`m ‡À {̀H$sV 16 ȟZ AoYH$ od^mJ
Amh{V. Mma gßM AgVmZm H$m{ÓQ>H$
2 _‹`{ oXb{b{M 16 C[gßM
AgVmV. `mMm AW©, Aem
AmH•$À`mß_YyZ Xm{Z dm AoYH$ ^mJ
Vm{M C[gßM XmIod `mMr e∑`Vm
AgV{; À`mM]am {]a A[{ojV
C[gßMm[°H$s EImXm C[gßM

XmIodbmM J{bm Zmhr `m ]X≤Xb OmJÍ$H$ ahmd{ bmJV{ (Og{ AmH•$Vr 6 _‹ {̀
Pmb{ Amh{). Aem AmH•$À`m Q>miU{ ohVmM{ AgV{.

Mma gßM AgVmZm, ‡À {̀H$ gßMmgmR>r EH$ dVw©i Aem‡H$ma{ Mma dVw©i{
dm[Í$Z ̀ m{Ω` Aer d{Z AmH•$Vr V`ma H$aVm ̀ {U{ Ae∑` Amh{ h{ Am[U [mohb{.
[U ‡À {̀H$ gßMmgmR>r XrK©dVw©i dm[aÎ`mg 4 gßM AgVmZm X{Irb `m{Ω`
Aer d{Z AmH•$Vr V`ma H$aVm ̀ {V{. d{Z ̀ mßZrM Ver AmH•$Vr V`ma H{$br hm{Vr.
e{Omarb AmH•$VrV A, B, C,D `m Mma
gßMmgmR>r ‡À`{H$s XrK©dVw©i dm[Í$Z d{Z
AmH•$Vr H$mTy>Z XmIodbr Amh{. À`m_wi{
V`ma Pm{bÎ`m 16 ^mJmßZm 1 V{ 16 h{
H´$_mßH$ Ag{ oXb{ Amh{V H$s V{ H´$_mßH$
H$m{Ô>H$ 2 _‹`{ gm ßoJVb{b{ C[gßM
XmIodVmV. VwbZm H$Í$Z ImÃr H$Í$Z K{U{
gm{[{ [S>md{ ÂhUyZ Vg{ H{$b{ Amh{
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gßH{$VZm¿`m _mZmZ{ ]m{OS> dm oH$MH$Q> dmQ> `mMm gß̂ d Amh{. Ag{ dmQ>U{ h{
H$XmoMV a + b `m _mßS>UrMm gamd d Am{iI oejUm¿`m gwÍ$dmVr[mgyZ d
Z{h_r PmÎ`m_wi{ Agy eH{$b. EIm⁄m oH´$`{gmR>r Z{h_r[{jm d{Ji{ gßH{$VZ
[CXmhaUmW© a + b ¿`m E{dOr + (a, b) ] H$mßhr odoeÔ> gßX^m©V AoYH$ ̀ m{Ω`
d gm{̀ rM{ dmQ>U{hr e∑` AgV{. h{ gd© odMma dOm]mH$s, JwUmH$ma, ^mJmH$ma
d BVa JoUVr oH´$`mß¿`m ]m]VrVhr VßVm{VßV bmJy hm{VmV.

Q>r[ (1) : _amR>rV ]{arO hm e„X Xm{Z AWm©Z{ dm[abm OmVm{. EH$ AW© Amh{
"]{arO' hr oH́$`m, AmoU Xwgam AW© Amh{ "]{arO ̀ m oH́$ {̀Mm [naUm_ (result)'.

Og{ "3 d 6 ̀ mßMr ]{arO H$am' ̀ m dm∑`mV ]{arO hm e„X "]{arO hr oH´$`m' ̀ m
AWm©Z{ dm[abm Amh{. AmoU "3 d 11 ̀ mßMr ]{arO Amh{ 14' ̀ m dm∑`mV ]{arO
hm e„X "]{arO oH́$`m H$Í$Z o_imb{bm [naUm_' `m AWm©Z{ dm[abm Amh{.
BßJ´OrV _mÃ `m Xm{Z AWu oZaoZam˘`m e„XmßMm dm[a ApÒVÀdmV Amh{.
"]{aO{Mr oH́$`m' `m AWm©Z{ addition hm e„X dm[aVmV. Va ]{arO oH$́`m
H$Í$Z o_iUmam [naUm_ sum ̀ m e„XmZ{ XmIodbm OmVm{. Addition is an

operation; its result gives sum Ag{ ÂhQ>b{ OmV{. AgmM ‡H$ma JwUmH$ma
d ^mJmH$ma `m oH´$`mß¿`m ]m]VrVhr ApÒVÀdmV Amh{. CXmhaUmW©,
multiplication is an operation which results in the product.

_gmod d bgmod `m X{Irb [yUm™H$mßda H$a `m¿`m oH´$`m Amh{V.
([XmdbtM{hr _gmod d bgmod H$mT>VmV h{ _mhrV Agy ⁄m). Xm{Z [yUm™H$mßMm
_gmod d bgmod H$mT>VmV, À`m_wi{ _gmod d bgmod `m gw’m o¤[X oH$́`m
Amh{V. a + b, a - b, a x b, a ÷ b `m o¤[X oH$́`m oboh `m¿`m [’VrMm
Adbß] H$Í$Z

_gmod (a, b) ¿`m E{dOr 'a _gmod b'

Ag{hr obohVm {̀B©b. _gmodgmR>r m  h{ gßH{$VZ dm[Í$Z _gmod (a, b),

qH$dm a _gmod b h{, a m  b Ag{hr obohVm {̀B©b. hr oV›hr gßH{$VZ{ 'a d b
`mßMm _gmod' hr oH́$`m XmIodVmV Ag{ Am[U YÍ$Z Mmbỳ m. `m oV›ht[°H$s
H$m{UV{hr gßH{$VZ OÍ$ar‡_mU{ Am[U dm[Í$. Vg{M

bgmod (a, b), qH$dm a bgmod b, qH$dm a    b

hr oV›hr gßH{$VZ{ 'a d b `mßMm bgmod' hr oH́$`m XmIdVrb.

3. bgmod `m oH$́ {̀M{ ododY JwUY_©

i) gßd•VVm : 12 d 18 `m Xm{Z [yUm™H$mßMm 36 hm bgmod X{Irb [yUm™H$M
Amh{. À`mM‡_mU{

H$m{UÀ`mhr Xm{Z YZ [yUm™H$mMm bgmod hm X{Irb YZ[yUm™H$M AgVm{....(1)

`m JwUY_m©bm "bgmod `m oH´$ {̀Mr YZ [yUm™H$mß¿`m gßX^m©VrV gßd•VVm
(closedness) ÂhUVmV.

ii) H́$_oZa[{jVm : 12 d 18 `m Xm{Z [yUm™H$mßMm Om{ bgmod Vm{M 18 d 12

`mßMmhr bgmod AgVm{. ÂhUO{ ¡`m Xm{Z [yUm©H$mßMm bgmod H$mT>md`mMm
À`mßMr AXbm]Xb H{$br, ÂhUO{M À`mßMm H́$_ ]Xbbm Var À`mßMm bgmod
]XbV Zmhr. gßH{$VZ dm[Í$Z hm JwUY_© Agm obhrVm {̀B©b.

a d b h{ H$m{UV{hr Xm{Z YZ[yUm™H$ AgVrb Va, a bgmod b = b bgmod a..(2)

`m JwUY_m©bm "YZ [yUm™H$m ß¿`m gßX^m©Vrb bgmod `m oH´$`{Mr
H$́_oZa[{jVm' ÂhUVmV.

iii) gmhM ©̀ : g_Om Am[Î`mbm 12, 18, d 72 `m VrZ [yUm™H$mßMm bgmod
H$mT>md`mMm Amh{. À`mgmR>r ‡W_ Am[U 12 d 18 `mßMm 36 hm bgmod
H$mT>bm d _J hm 36 d 72 `mßMm 72 hm bgmod H$mT>bm Var Mmb{b qH$dm
‡W_ 18 d 72 `mßMm 72 hm bgmod H$mTy>Z ZßVa 12 d hm 72 `mßMm 72 hm
bgmod H$mT>bm Var Mmby eH{$b. Xm{›hr ‡H$ma{ CŒma V{M {̀V{. 12, 18 d
72 ̀ mß¿`m E{dOr H$m{UV{hr VrZ YZ[yUm™H$ K{Vb{ Var hm JwUY_© bmJy [S>Vm{.
gßH{$VZ$ dm[Í$Z h{ Ag{ obhrVmV.

a, b, c h{ H$m{UV{hr VrZ YZ[yUm™H$ AgVrb Va
{ [a bgmod b] bgmod c } = { a bgmod [ b bgmod c] }

qH$dm { [a    b]    c } = { a    [ b    c] } ................(3)

`m JwUY_m©bm "YZ [yUm™H$mß¿`m gßX^m©Vrb bgmod `m oH́$ {̀M{ gmhM ©̀'
Ag{ ÂhUVmV.

iv) AodH$maH$ KQ>H$mM{ ApÒVŒd : 12 d 1 `m Xm{Z [yUm™H$mßMm bgmod 12

Amh{. Vg{M 34 d 1 `mßMm bgmod 34 M Amh{. (H´$_oZa[{jVm `m da
gmßoJVb{Î`m JwUY_m©Zwgma 1 d 34 ̀ mßMm bgmod 34 M Ag{b.) H$m{UÀ`mhr
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YZ[yUm™H$mM{ ]m]VrV Ag{M hm{V{ h{ Ò[Ô> Amh{. ÂhUO{ H$m{UÀ`mhr YZ
[yUm™H$mMm 1 ]am{]a bgmod K{VÎ`mg CŒma Vm{ [yUm™H$ h{M amhV{. gßH{$VZ
dm[Í$Z

  a hm H$m{UVmhr YZ [yUm™H$ AgÎ`mg bgmod (a, 1) = a ..........(4)

ÂhUO{ 1 hm [yUm™H$ Agm Amh{ H$s À`mMm H$m{UÀ`mhr YZ [yUm™H$m]am{]a
bgmod K{VÎ`mg À`m [yUm™H$mV ]Xb hm{V Zmhr. ÂhUyZ 1 bm "YZ [yUm™H$mß¿`m
gßX^m©Vrb bgmod `m oH́$ {̀Mm AodH$maH$ KQ>H$' Ag{ ÂhUVmV.

v) oH´$`m oZÓ\$bVm (Idempotent property) :  12 d 12 `mßMm bgmod
hm{B©b 12. gd© YZ [yUm©H$mßM{ ]m]VrV hm JwUY_© oXgyZ {̀B©b. ÂhUO{
Xm{›hr YZ [yUm™H$ g_mZ (ÂhUO{M V{M) K{Vb{ Va À`m Xm{KmßMm bgmod
Vm{M [yUm™H$ AgVm{. gßH{$VZ dm[Í$Z

   a hm H$m{UVmhr YZ[yUm™H$ AgÎ`mg bgmod (a, a) = a ........(5)

`m JwUY_m©bm "YZ [yUm©H$mß_Yrb bgmodMr oH$́`moZÓ\$bVm' ÂhUVmV.

4. _gmod `m oH́$ {̀M{ ododY JwUY_©
i) gßd•VVm : 12 d 18 `m Xm{Z [yUm™H$mMm 6 hm _gmod X{Irb [yUm™H$M Amh{.

À`mM‡_mU{

  H$m{UÀ`mhr Xm{Z YZ[yUm™H$mßMm _gmod hm X{Irb YZ[yUm™H$M AgVm{   .. (6)

`m JwUY_m©bm "YZ[yUm™H$mß_Yrb _gmod `m oH´$`{Mr gßd•VVm' Ag{
ÂhUVmV.

ii) H´$_oZa[{jVm : ¡`m Xm{Z [yUm™H$mßMm _gmod H$mT>md`mMm À`mßMm H´$_
]Xbbm Var À`mßMm _gmod Vm{M amhVm{. gßH{$VZ dm[Í$Z

 a d b h{ H$m{UV{hr Xm{Z YZ[yUm™H$ AgVrb Va, a _gmod b = b _gmod a

.....(7)

`m JwUY_m©bm "YZ[yUm™H$m_Yrb _gmod `m oH$́ {̀Mr H$́_oZa[{jVm' Ag{
ÂhUVmV.

iii) gmhM ©̀ : Am[Î`mbm 12, 18, 30 ̀ m VrZ [yUm™H$mMm _gmod H$mT>md`mMm
AgÎ`mg À`mVrb H$m{UÀ`mhr Xm{KmßMm _gmod H$mTy>Z Vm{ _gmod d Cab{bm
oVgam [yUm™H$ `mßMm _gmod H$mT>Î`mg CŒma ]XbV Zmhr; V{M amhV{.

H$m{UÀ`mhr VrZ YZ [yUm™H$m¿`m ]m]VrV h{ gÀ` Amh{. gßH{$VZ dm[Í$Z
h{ gÀ` Ag{ obohVm {̀V{ :

   a, b, c h{ H$m{UV{hr VrZ YZ[yUm™H$ AgVrb Va

{ a  m  [ b  m  c ] } = { [ a  m  b ]   m  c }

 ÂhUO{M { [ a _gmod b ] _gmod c } = { a _gmod [ b _gmod c ] }

qH$dm
   _gmod  [ a, _gmod (b, c) ] = _gmod [ _gmod (a, b), c } ........(8)

  `m JwUY_m©bm "YZ[yUm™H$m_Yrb _gmod `m oH́$ {̀M{ gmhM ©̀' Ag{ ÂhUVmV.

iv) oH́$`moZÓ\$bVm (Idempotent property) : 12 d 12 `mßMm _gmod
hm{B©b 12. gd© YZ[yUm™H$mM{ ]m]VrV hm JwUY_© Iam CVa{b. gßH{$VZ dm[Í$Z

a hm H$m{UVmhr YZ[yUm™H$ AgÎ`mg, _gmod (a, a) = a .........(9)

`m JwUY_m©bm "YZ[yUm™H$mß_Yrb _gmodMr oH́$`moZÓ\$bVm' ÂhUVmV.

5. bgmod AmoU _gmod `mßM{ EH$oÃV JwUY_©
daVr C[od^mJ 3 d 4 _‹ {̀ Am[U AZwH´$_{ \$∑V bgmod ̀ m oH´$ {̀M{ [mM

AmoU \$∑V _gmod `m oH́$ {̀M{ Mma JwUY_© [mhrb{. AmVm Am[U _gmod d
bgmod ̀ m Xm{›hr oH́$`m H{$Î`m AgVm oXgyZ ̀ {Uma{ EH$oÃV JwUY_© A‰`mgỳ m.

[yd©V`mar : gßª`mßdarb oH́$`mß¿`m gßX^m©V Am[Î`mbm [wT>rb JwUY_© _mhrV Amh{V.

a, b, c `m H$m{UÀ`mhr VrZ gßª`m AgÎ`mg
(A) : a x (b + c) = (a x b) + (a x c).

[ EH$ CXmhaU : 3 x (4 + 7) = (3 x 4) + (3 x 7) ]

(B) : (a + b) x c = (a x c) + (b x c).

[ EH$ CXmhaU : (6 + 8) x 4 = (6 x 4) + (8 x 4) ]

(A) d (B) `m JwUY_m™Zm AZwH´$_{ "gßª`mß¿`m gßX^m©V JwUmH$mamM{
COdrH$S>rb ]{aO{darb odVaU (in numbers, multiplication is

distributive with respect to addition on the right)'  AmoU "gßª`mß¿`m
gßX^m©V JwUmH$mamM{ S>mdrH$S>rb ]{aO{darb odVaU (in numbers,

multiplication is distributive with respect to addition on the left)'
Ag{ ÂhUVmV.
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Q>r[ (2) : H$m{UÀ`mhr Xm{Z oH´$`m K{VÎ`mg (A) d (B) gmaIr Xm{›hr odVaU{
gÀ` AgVrb Ag{ Zmhr. CXmhaUmW© gßª`mßdarb + AmoU ÷ `m Xm{Z o¤[X
oH́$`m odMmamV ø`m d [wT>rb CXmhaU{ V[mgm

(18 + 9) ÷ 3 = 27 ÷ 3 = 9; (18 ÷ 3) + (9 ÷ 3) = 6 + 3 = 9

ÂhUO{ (18 + 9) ÷ 3 = (18 ÷ 3) + (9 ÷ 3) 

À`mM‡_mU{ c = 0 gm{Sy>Z a, b, c ̀ m H$m{UÀ`mhr VrZ [na_{̀  (qH$dm dmÒVd)
gßª`m AgÎ`mg

(D)  (a + b) ÷ c = ( a ÷ c) + ( b ÷ c)

[U (E)  a ÷  (b + c) ≠  (a ÷ b) + (a ÷ c) .

[ a = 30, b = 6. c = 4 K{D$Z ImÃr H$Í$Z ø`m ]. ÂhUO{ "gßª`mß¿`m
]m]VrV ̂ mJmH$mam¿`m oH́$ {̀M{ S>mdrH$S>rb ]{aO{darb odVaU' gÀ` Amh{ [U
"gßª`mß¿`m ]m]VrV ^mJmH$mam¿`m oH́$ {̀M{ COdrH$S>rb ]{aO{darb odVaU'
gÀ` Zmhr (in numbers division is distributive with respect to addition
on the left, but not on the right)

H$mhr oH´$`mß¿`m ]m]VrV Aem‡H$ma{ EH$sH$S>rb odVaU Ia{ [U
XwgarH$S>rb AgÀ` AgV{. À`m_wi{ (A) d (B) ̀ mV XmIodb{bm \$aH$ H$amdm
bmJVm{.

gßª`mß¿`m ]m]VrV (A) d (B) Xm{›hr JwUY_© gÀ` AgÎ`mZ{

  "gßª`mß¿`m ]m]VrV JwUmH$mamM{ ]{aO{darb odVaU gÀ` Amh{' .....(10)

Ag{ ÂhQ>b{ OmV{. [U

   gßª`mß¿`m ]m]VrV ]{aO{M{ JwUmH$mamdarb odVaU gÀ` Zmhr ......(11)

H$maU 15 + ( 3 x 2) ≠ (15 + 3) x (15 + 2) AmoU

(7 x 5) + 11 ≠ (7 + 11) x ( 5 + 11)

ÂhUO{ gßª`mß¿`m ]m]VrV JwUmH$ma d ]{arO `mßM{ EH$_{H$mßdarb odVaU
g_o_V (symmetrict) Zmhr [ H$maU (10) d (11) [hm ]

i) EH$m X•Ô>rZ{ Am¸`m©Mr d XwgË`m X•Ô>rZ{ AmZßXmMr Jm{Ô> Aer Amh{ H$s bgmod
d _gmod `m o¤[X oH́$`mß¿`m ]m]VrV EH$_{H$mßdarb odVaU gÀ` d ÂhUyZ
g_o_V Amh{. ‡W_ H$mhr CXmhaUmßZr `mMm [S>Vmim K{D$`m.

12  m  (18    27) = 12  m  54 = 6 AmoU
(12 m 18)    (12  m  27) = (6    3) = 6             ........(12)

(14   18)  m 10 = 126  m  10 = 2 AmoU
(14  m 10)    (18  m  10) = 2    2 = 2 ........(13)

20    (15  m  10) = 20    5 = 20 AmoU
(20    15)  m  (20    10) = 60  m  20 = 20 ........(14)

(16  m  42)    35 = 2    35 = 70 AmoU
(16    35)  m  (42    35) = 560  m  210 = 70 ........(15)

AemM ‡H$maMr AmUIr H$mhr CXmhaU{ V`ma H$Í$Z dmMH$mßZr Vr
gm{S>dmdr.

(12) d À`mM ‡H$maMr AmUIr H$mhr CXmhaU{ gm{S>odÎ`mg Ag{ dmQy>
bmJ{b H$s

YZ[yUm™H$mß¿`m gßX^m©V _gmod `m oH́$ {̀M{ COdrH$S>rb bgmod
`m oH´$ {̀darb odVaU Ia{ Amh{. ..(16)

(In positive intigers, HCF is distributive with respect LCM

on the right)

(13) d À`mM ‡H$maMr AmUIr H$mhr CXmhaU{ hmVmiÎ`mg Ag{
dmQ>m`bm bmJ{b H$s

YZ[yUm™H$mß¿`m gßX^m©V _gmod `m oH́$ {̀M{ S>mdrH$S>rb bgmod
`m oH´$ {̀darb odVaU Ia{ Amh{. ...(17)

(14) d À`mM ‡H$ma¿`m AmUIr H$mhr CXmhaU{ K{VÎ`mg Ag{ dmQ>U{
e∑` Amh{ H$s

YZ[yUm™H$mß¿`m gßX^m©V bgmod `m oH́$ {̀M{ COdrH$S>rb _gmod
`m oH$́ {̀darb odVaU gÀ` Amh{ .....(18)

(15) d VemM ‡H$ma¿`m AmUIr CXmhaUmßdÍ$Z Ag{ dmQ>m`bm bmJU{
e∑` Amh{ H$s

YZ[yUm™H$mß¿`m ]m]VrV bgmod `m oH́$ {̀M{ S>mdrH$S>rb _gmod
`m oH{́$ {̀darb odVaU Ia{ Amh{. ....(19)
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(16), (17), (18) d (19) h{ oZÓH$f© Am[U H$mhr CXmhaUmdÍ$Z
H$mT>b{ Amh{V. [U VH$m©oYo>V JoUVr [’VrZ{ V{ og’ H$aVm {̀VmV. À`m
og’Vm ‡À`jmV Z ]KVm h{ oZÓH$f© ]am{]a Amh{V Ag{ Am[U YÍ$Z Mmbỳ m.

(16) AmoU (17) `mßdÍ$Z Am[Î`mbm [wT>rb JwUY_© o_iVm{ :

YZ[yUm™H$mß¿`m gßX^m©V _gmod `m oH´$ {̀M{ bgmod `m oH´$ {̀da odVaU hm{V{.
(In natural numbers HCF is distributive with respect to LCM)

....(20)
(18) d (19) dÍ$Z [wT>rb JwUY_© o_iVm{ :

YZ[yUm™H$mß¿`m ]m]VrV bgmod hr oH́$`m _gmod `m oH$́ {̀da
odVarV hm{V{ .....(21)

gßH{$VZ dm[Í$Z (20) d (21) [wT>rb‡_mU{ obhrVmV :

a, b, c h{ H$m{UV{hr YZ [yUm™H$ AgÎ`mg

a  m  (b    c) = (a  m  b)    (a  m  c), AmoU

(a    b)  m  c = (a  m  c)    (b  m  c)

a     (b  m  c) = (a    b)  m  (a    c), AmoU

(a  m  b)    c = (a    c)  m  ( b    c) .......(22)

  ¿`m E{dOr LCM, d  m ¿`m E{dOr HCF dm[Í$Z (22) _Yrb
JwUY_© obohVm ̀ {Vrb. LCM (s,t )d HCF (s,t )Ag{ gßH{$VZ dm[Í$Z (22)
_Yrb [ohbm JwUY_© HCF [a, LCM (b, c) ] = LCM [ HCF (a, b), HCF
(a, c) ] Agm obhrVm {̀B©b. (22) _Yrb BVa JwUY_© dmMH$mßZr `m‡H$ma{
obȟZ [mhmd{V.

Q>r[ (3) : (20) d (21) o_iyZ h{ gmßJV{ H$s : Z°goJ©H$ gßª`mß¿`m ]m]VrV
]{arO d JwUmH$ma `m oH´$`mß¿`m ]m]VrV Om{ JwUY_© AmT>iyZ {̀V Zmhr Vm{
_gmod, bgmod `m oH́$`mß¿`m ]m]VrV AmT>iVm{. Z°goJ©H$ gßª`mß¿`m gßX^m©V
"JwUmH$mamM{ ]{aO{da odVaU hm{V{ [U ]{aO{M{ JwUmH$mamda odVaU hm{V Zmhr'
[U "_gmod d bgmod `mVrb ‡À {̀H$ oH́$ {̀M{ XwgË`m oH$́ {̀da odVaU hm{V{'
ÂhUO{ "Z°goJ©H$ gßª`mß_‹ {̀ ]{arO d JwUmH$ma `mßM{ dmJU{ g_o_V Zmhr [U
bgmod d _gmod `mßM{ dmJU{ g_o_V Amh{'

ii) (K) 12 _gmod (12 bgmod 30) = 12 _gmod (60) = 12  .....(23)

(L) 15 bgmod (15 _gmod 35) = 15 bgmod (5) = 15 ......(24)

(23) d (24) h{ JwUY_© H$m{UÀ`mhr Xm{Z YZ[yUm™H$m¿`m ]m]VrV bmJy
hm{VmV [ (23) d (24) `m ‡À {̀H$mV \$∑V Xm{Z YZ[yUm™H$ Amh{V `mMr Zm|X
ø`m. ] dmMH$mßZr BVa H$mhr YZ[yUm©H$mß¿`m gß]ßYmV `m JwUY_m©Mr gÀ`Vm
[S>VmiyZ [hmdr.

Ï`m[H$sH$aU H$Í$Z h{ JwUY_© Ag{ _mßS>Vm {̀Vrb.

a d b h{ H$m{UV{hr Xm{Z YZ[yUm™H$ AgÎ`mg
a _gmod (a bgmod b) = a

AmoU a bgmod (a _gmod b) = a                ......(25)
AmoU `mßZm em{fU - JwUY_© ÂhUVmV [•> 64 darb
(H$maU `m Xm{›hr JwUY_m©V OUy b M{ em{fU hm{V{.) [naoeÔ> 3 [hm.

6. H$mhr gm›V gßMmdarb bgmod d _gmod `mßM{ AmUIr ode{f JwUY_©
H$m{UÀ`mhr Xm{Z qH$dm AoYH$ YZ [yUm™H$mßMm bgmod d _gmod Am[U

H$mTy> eH$Vm{. À`m_wi{ AmVm[ ™̀V¿`m odd{MZmV Am[U gd© YZ [yUm™H$ (O{
EHy$U AZßV Amh{V) odMmamV K{Vb{ hm{V{. ¡`md{ir Am[U darb [na¿N>{XmßVyZ
bgmod d _gmod `m o¤[X oH́$`mß¿`m JwUY_m™Mr Zm|X H{$br À`md{ir `m Xm{›hr
oH́$`m N = {1, 2, 3, 4, 5, ......} `m Z°goJ©H$ gßª`mß¿`m (ÂhUO{M YZ
[yUm™H$mß¿`m) gßMmda H{$Î`m AgÎ`mM{ YÍ$Z Mmbbm{ hm{Vm{.

`m Z°goJ©H$ gßª`mßM{ H$mhr gm›V gßM Am[U odMmamV K{Vb{ Va À`m
gßMmVrb gXÒ`mßda bgmod d _gmod `m oH´$`m H$aVmZm AmVm[md{Vm{ da
CÑ{oIb{b{ JwUY_© Ia{ AgVmVM. oedm` À`mȟZhr AmUIr H$mhr JwUY_©
Ia{ AgÎ`mM{ AmT>iyZ {̀V{. Vg{ gßM d V{ JwUY_© Am[U AmVm A‰`mgỳ m.

H$m{UÀ`mhr oZaoZam˘`m gm›V _yigßª`mßMm JwUmH$ma odMmamV ø`m.
À`mbm M ÂhUm. CXmhaUmW©, 2, 3, d 5 `m VrZ oZaoZam˘`m _yigßª`m
Amh{V. À`mßMm JwUmH$ma Amh{ M = 2 x 3 x 5 = 30. AmVm M = 30 ¿`m gd©
Ad`dmßMm gßM odMmamV ø`m. Vm{ Amh{

F = { 1, 2, 3, 5, 6, 10, 15, 30 } ........(26)

`m gßMm¿`m gXÒ`mßda bgmod d _gmod ̀ m Xm{Z o¤[X oH́$`m H$aVm ̀ {Vrb
h{ CKS> Amh{. Og{ 5 bgmod 6 = 30, 3 _gmod 10 = 1, BÀ`mXr. AmVm F
darb bgmod d _gmod `mßM{ JwUY_© [mȟ`m.
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(ααααα ) F darb bgmod `m oH́$ {̀M{ JwUY_© :
da C[od^mJ 3 _‹ {̀ oXb{b{ (i) gßd•ŒmVm, (ii) H$́_oZa[{jVm, (iii) gmhM ©̀,

(iv) 1 `m AodH$maH$ KQ>H$mM{ ApÒVŒd, AmoU (v) oH$́`moZÓ\$bVm h{ [mMhr
JwUY_© F darb bgmodgmR>r X{Irb Ia{ Amh{V.

(βββββ ) F darb _gmod `m oH́$ {̀M{ JwUY_© :
da C[od^mJ 4 _‹`{ oXb{b{ (i) gßd•ŒmVm, (ii) H´$_oZa[{jVm, (iii) gmhM ©̀

d (iv) oH́$`moZÓ\$bVm h{ Mmahr JwUY_© F darb _gmodgmR>r X{Irb Ia{
Amh{V. À`moedm` AmUIr EH$ JwUY_© `m ]m]VrV Iam Amh{. Vm{ Amh{ :
(v) AodH$maH$ KQ>H$mM{ F _Yrb ApÒVÀd : 30 hm F Mm gXÒ` Agm Amh{ H$s

a hm F Mm H$m{UVmhr gXÒ` AgÎ`mg _gmod (a, 30) = a  .....(27)

Og{ _gmod (10, 30) = 10 BÀ`mXr. dmMH$mßZr F _Yrb gd©
gXÒ`mßgmR>r hm JwUY_© gÀ` AgÎ`mM{ V[mgyZ [hmd{. F _‹ {̀ 30 hm gXÒ`
_gmod `m oH́$ {̀Mm AodH$maH$ KQ>H$ Amh{.

(γγγγγ) F darb bgmod AmoU _gmod `mßM{ EH$oÃV JwUY_© :
da C[od^mJ 5 _‹`{ oXb{b{ [wT>rb JwUY_© F ¿`m ]m]VrVhr Ia{ Amh{V.

dmMH$mßZr ododY CXmhaU{ hmVmiyZ À`mß¿`m Ia{[UmMm ‡À`` ø`mdm.

i) F _‹ {̀ bgmod hr oH́$`m _gmod `m oH́$ {̀da odVnaV hm{V{.
ii) F _‹ {̀ _gmod hr oH́$`m bgmod `m oH́$ {̀da odVnaV hm{V{.
iii) F _‹ {̀ _gmod d bgmod ̀ m oH́$`mß¿`m ]m]VrV em{fU JwUY_© Iam R>aVm{.

`m VrZ JwUY_m™oedm` F _‹ {̀ bgmod d _gmod `m o¤[X oH$́`m EH$oÃV
odMmamV K{VÎ`mg [wT>rb AmUIrZ JwUY_© Ia{ CVaVmV.

iv) bgmod d _gmod `m F ¿`m gXÒ`mßda H{$Î`m OmUmË`m o¤[X oH´$`m
Amh{V. À`m Ï`oVna∑V F ¿`m gXÒ`mßda H{$Î`m OmUmË`m EH$[X oH$́ {̀Mr
(ÂhUO{ \$∑V EH$mM gXÒ`mda H{$br OmUmar - Oer dJ©_yi H$mT>U{ hr
EH$mM gßª {̀da H{$br OmUmar EH$[X oH́$`m Amh{ -) Ï`mª`m Aer Amh{.

a hm F Mm gXÒ` AgÎ`mg
a' 

-
 = a Mm [yaH$ gXÒ` (complement)

= F _Yrb _m{R>ÁmV _m{R>m [yUm™H$ / a = 30/a

ÂhUO{ 1' = 30, 2' = 15,  3'= 10. ..............BÀ`mXr ........(28)

AmVm bgmod (a, a') = F darb _gmod `m oH́$ {̀Mm AodH$maH$ KQ>H$ = 30

AmoU _gmod (a, a') = F darb bgmod ̀ m oH´$ {̀Mm AodH$maH$ KQ>H$ = 1

CXmhaUmW© bgmod (6, 6')  = bgmod (6, 5) = 30

_gmod (5. 5') = _gmod (5, 6) = 1

dmMH$mßZr BVa CXmhaU{ K{D$Z `m JwUY_m©Mm ‡À`` ø`mdm.
Q>r[ (4) : F _‹ {̀ a' `m [yUm™H$mMr [yaH$- gßª`m a AgV{.

ÂhUO{M a ¿`m [yaH$mMm [yaH$ (Double complementation)

a M AgVm{.                                                                    ..(29)

Og{ : (1')' = 30' = 1; (2')' = 15' = 2, .......BÀ`moX

(v) X _m∞J©Z - JwUY_© (De Morgan law or rule)

F _Yrb gXÒ`mßgmR>r
(2 _gmod 10)' = (2)' = 15

d 2' bgmod 10' = 15 bgmod 3 = 15

AmoU (6 bgmod 15)' = 30' = 1

d 6' _gmod 15' = 5 _gmod 2 = 1

F ¿`m BVa H$m{UÀ`mhr Xm{Z gXÒ`mßgmR>rhr hm JwUY_© Iam Amh{. CXmhaU{
K{D$Z dmMH$mßZr À`mMm ‡À`` ø`mdm.

Ï`m[H$—ÓQ>Ám h{ JwUY_© [wT>rb‡_mU{ _mßS>VmV d À`mßZm X _m∞J©ZM{ JwUY_©
ÂhUVmV.

a d b h{ F M{ H$m{UV{hr gXÒ` AgÎ`mg
(a _gmod b)' = a' bgmod b'

AmoU (a bgmod b)' = a' _gmod b'            .....(32)

vi) a d b h{ F M{ H$m{UV{hr Xm{Z gXÒ` AgÎ`mg
(a' bgmod b')' bgmod (a' bgmod b)' = a            .....(33)

`mM{ EH$ CXmhaU K{D$`m : g_Om a = 3, b = 10.

(a' bgmod b') bgmod (a' bgmod b)'

} ......(30)

} ........(31)

58 / JoUV \w$b{  JoUV \w$b{/59



= (3' bgmod 10')' bgmod  (3' bgmod 10)'

= (10 bgmod 3)' bgmod (10 bgmod 10)'

= (30)' bgmod (10)'

= 1 bgmod 3

= 3

dmMH$mßZr BVa CXmhaU{ K{D$`m `m JwUY_m©Mm ‡À`` ø`mdm.

vii) a hm F Mm H$m{UVmhr gXÒ` AgÎ`mg

a bgmod (F _Yrb _gmodMm AodH$maH$ KQ>H$ )
= F _Yrb _gmodMm AodH$maH$ KQ>H$          ..........34(i)

a _gmod (F _Yrb bgmodMm AodH$maH$ KQ>H$)
= F _Yrb bgmodMm AodH$maH$ KQ>H$         ..........34(ii)

CXmhaUmW©,
15 bgmod (30) = 30, [ F _‹ {̀ _gmodMm AodH$maH$ KQ>H$ Amh{ 30,

[hm (27) ]

6 _gmod (1) = 1, [ F _‹ {̀ bgmodMm AodH$maH$ KQ>H$ Amh{ 1 ]

a gmR>r BVa qH$_Vr K{D$Z dmMH$mßZr h{ JwUY_© [S>Vmimd{V.

7. F gmaI{ AmUIrZ gßM Amh{V H$m ? :
gd© YZ[yUm©H$mßMm AZßV gßM odMmamV K{Vbm AgVm À`mda H$a `mV

{̀UmË`m bgmod d _gmod `m o¤[X oH́$`mßM{ oH$VrVar JwUY_© Am[U [mhrb{.
V{ gd© JwUY_© F `m gm›V gßMmdarb bgmod d _gmod `m oH$́`mß]m]VrV Ia{
AgVmVM [U `m oH́$`mßM{ AmUIrZhr H$mhr oZami{ JwUY_© F ¿`m ]m]VrV
o_imb{. _J gmhoOH$M _ZmV ‡˝ C^m R>mH$Vm{ H$s F hm Agm EH$_{d gßM
Amh{ H$m ? [U Vg{ Zmhr. AmUIrZhr AZ{H$ gm›V gßM Amh{V H$s ¡`mßdarb
bgmod d _gmod `m oH́$`m F ¿`m ]m]VrVb{ gd© JwUY_© [miVmV. Agm F
gmaIm gßM H$gm V`ma H$amd`mMm ? AJXr gm{[{ Amh{ V{. H$m{UÀ`mhr d oH$Vrhr
[U gm›V o^fi o^fi _yigßª`m ø`m. À`mßMm JwUmH$ma H$am. g_Om Vm{ JwUmH$ma
M Amh{. M ¿`m gd© Ad`dmßMm gßM bgmod d _gmod ̀ m oH$́`mß¿`m JwUY_m™¿`m
]m]VrV AJXr VßVm{VßV F gmaImM dmJVm{. CXmhaUmW©,

i) 3 x 7 = 21.  21 ¿`m gd© Ad`dmßMm gßM = F2 = { 1, 3, 7, 21 }

ii) 2 x 7 x 13 = 182. 182 ¿`m gd© Ad`dmßMm gßM = { 1, 2, 7, 13,

14, 26, 91, 182 } = F3

F2 d F3 d AemM ‡H$maM{ gßM V`ma H$Í$Z À`mdarb bgmod d _gmod
`m oH´$`m F ‡_mU{M À`m gd© JwUY_m™Zm IË`m CVaVmV ̀ mMm ‡À`` dmMH$mßZr
AdÌ` ø`mdm.

JwUmH$ma H$aVmZm o^fi o^fi _yigßª`m Z K{Vm, H$mßhr _yigßª`m EH$m[{jm
AoYH$ d{im K{VÎ`mg d AemßMm JwUmH$ma D Ag{b Va D ¿`m gd© Ad`dmß¿`m
gßMmV da[°H$s H$mhr JwUY_© Ia{ AgV ZmhrV. CXmhaUmW© D = 3 x 3 x 2

x 2 = 36. AmVm Q = { 1, 2, 3, 4, 6, 9, 12, 18, 36 } _‹ {̀ H$m{UV{ JwUY_©
Ia{ ZgVrb V{ em{Ym.

8. g_mam{[ :
gd©gmYmaUV: YZ[yUm™H$mM{ bgmod d _gmod H$mT> `m¿`m arVrM \$∑V

Am[U oeH$Vm{, [U À`m oH´$`mßM{ JwUY_© A‰`mgV Zmhr. V{ JwUY_© gwßXa
AgyZ Am[U V{ `m b{ImV OmUyZ K{Vb{. AemVËh{Z{ N ̀ m gd© YZ[yUm™H$m¿`m
gßMmdarb bgmod d _gmod `m oH́$`m (1) V{ (9), (16) V{ (21), (25)
AmoU (34ii) h{ EHy$U 17 JwUY_© XmIodVmV. F (d À`mgmaI{ F2, F3 BÀ`mXr)
gßMmdarb `mM bgmod d _gmod `m oH́$`m h{ 17 JwUY_© XmIodVmVM d À`m
Ï`oVna∑V (27), (32), (33), (34 i) h{ OmXm Mma JwUY_©hr XmIodVmV.

A_yVuH$aU hm JoUVmMm AmÀ_m Amh{. EImXm gßM d À`mdarb H$mhr
oH´$`mßM{ JwUY_© o_iyZ EH$ gßaMZm (structure) V`ma hm{V{. ̀ m b{ImV Am[U
Xm{Z gßaMZm V[mgÎ`m : i) Z°goJ©H$ gßª`mßMm gßM N d À`mdarb bgmod d
_gmod `m o¤[X oH́$`mßM{ JwUY_©, AmoU (ii) F d F gmaI{ gßM d À`mdarb
bgmod d _gmod `m o¤[X oH́$`m AmoU [yaH$ gXÒ` K{ `mMr EH$[X oH́$`m
`mßM{ JwUY_©. BVahr AZ{H$ gßM d À`mdarb oH´$`m AZ{H$ ododY JwUY_©
XmIodVmV. À`mß¿`m AmYmamda JoUVmV group, ring, integral domain,

lattice, field, vector - space, Booleen algebra Aem AZ{H$ A_yV©
gßaMZm V`ma H{$Î`m Amh{V. JoUVm¿`m od⁄mœ`m©bm À`mßMm A‰`mg _hŒdmMm
d C[ ẁ∑V R>aVm{. À`mZwgma i) YZ [yUm™H$mMm gßM N d À`mdarb bgmod,
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_gmod `m o¤[X oH́$`m hr gßaMZm distributed lattice with minimum

element R>aV{ AmoU ii) F gmaI{ (o^fi o^fi _yi gßª`mß¿`m JwUmH$mam¿`m
gd© Ad`dmßM{) gßM d À`mdarb bgmod-_gmod `m Xm{Z o¤[X oH$́`m d [yaH$-
gXÒ` K{ `mMr EH$[X oH́$`m o_iyZ hm{Umar gßaMZm Booleen algebra R>aV{.

gßM d À`mdarb gß̀ m{J (union), N>{X (intersection), d [yaH$-gßM
o_id `mMr EH$[X oH´$`m `m gßaMZ{M{ O{ O{ ÂhUyZ JwUY_© Amh{V V{ V{ (d
\$∑V V{M) gd© JwUY_© F gmaI{ gßM d À`mdarb bgmod-_gmod `m Xm{Z
o¤[X oH́$`m d [yaH$ - gXÒ` o_id `mMr EH$[X oH́$`m ̀ mß¿`m ]m]VrV VßVm{VßV
Ia{ AgÎ`mM{ AmT>iyZ {̀V{. odYmZ{ d À`mdarb "AmoU', "qH$dm', "ZH$ma'
`m oH́$`m, odO{M{ IQ>H{$ (switches) d V{ EH$ga (serially) AWdm g_mßVa
(parallely) Om{S> `m¿`m oH́$`m ̀ mßM{ JwUY_© X{Irb AemM ‡H$maM{ AgVmV.
ÂhUyZ JoUVr `m d{Jd{J˘`m j{ÃmVrb C[`m{Jr pÒWVtMm A‰`mg A_yV©
gßaMZ{¤ma{ H$aVmV.

Aem‡H$ma{ gßMmdarb oH´$`mßM{ JwUY_© AmoU o^fi o^fi, [U gm›V
_yigßª`mß¿`m JwUmH$mam¿`m Ad`dmßMm gßM d À`mdarb bgmod-_gmod oH́$`mßM{
JwUY_© `mß¿`mVrb gmYÂ ©̀ bjmV K{U{ JoUVm¿`m emÒÃew’ A‰`mgm¿`m
—Ô>rH$m{ZmVyZ \$m`X{era R>aV{.

✰ ✰ ✰

[naoeï>
1

1. _yigßª`{Mr [•> 29 da oXb{br (D11) hr oVgar Ï`mª`m Imbrb‡_mU{
X{Irb obohVm {̀B©b.

¡`mMm ÒdV:ȟZ bhmZ Agb{bm YZ Ad`d \$∑V 1 hmM AgVm{, Aem
YZ [yUm™H$mbm _yigßª`m ÂhUVmV.

2. _yi gßª {̀Mr Mm°Wr Ï`mª`m Aer X{Vm {̀B©b :

1 dJiVm Om{ YZ[yUm™H$ À`m¿`mȟZ H$m{UÀ`mhr 2 bhmZ YZ[yUm™H$mß¿`m
JwUmH$mam]am{]a ZgVm{ À`mbm _yi gßª`m ÂhUVmV.

2
8 . [na[yU© (qH$dm gwS>m°b) gßª`m (perfect numbers)

_Zm{aßOZmÀ_H$ (recreational) JoUVmV "[na[yU© (qH$dm gwS>m°b) gßª`m'
Zm_H$ EH$ gßH$Î[Zm Amh{. oVMr EH$ Ï`mª`m Aer Amh{ :

¡`m YZ [yUm™H$m¿`m Vm{ [yUm™H$ gm{Sy>Z Agb{Î`m gd© YZ Ad`dmßMr ]{arO
À`m [yUm™H$m]am{]a AgV{ À`m YZ[yUm™H$mbm [na[yU© qH$dm gwS>m°b gßª`m
ÂhUVmV. .............................................................. (D26)

CXmhaUmW© :
6 M{ YZ Ad`d Amh{V 1, 2, 3, 6. AmVm 6 dJiVm 1 + 2 + 3 = 6.

Vg{M 1 + 2 + 4 + 7 + 14 = 28. ÂhUyZ (D26) Zwgma 6 d 28 `m [na[yU©
(gwS>m°b) gßª`m Amh{V. AmVm[ ™̀V Aem EHy$U 42 [na[yU© (gwS>m°b) gßª`m
_mhrV Amh{V.

[na[yU© (gwS>m°b) gßª {̀Mr Xwgar Ï`mª`m Aer oXbr OmV{ :

¡`m YZ [yUm™H$m¿`m gd© YZ Ad`dmßMr ]{arO À`m YZ[yUm™H$m¿`m Xwfl[Q>
AgV{ À`m YZ[yUm™H$mbm [na[yU© (gwS>m°b) gßª`m ÂhUVmV. ..... (D27)

H$m{UÀ`mhr [yUm™H$mMm Vm{ [yUm™H$ hmhr EH$ Ad`d AgVm{. Vm{ dJi `mg
(D27) _‹ {̀ gmßoJVb{b{ Zmhr. ÂhUyZ 6 M{ YZ Ad`d hm{VmV 1, 2, 3 d 6,
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AmoU 1 + 2 + 3 + 6 = 12 = 2 x 6 Vg{M 28 d BVa [na[yU© (gwS>m°b)
gßª`mß¿`m ]m]VrV bmJy [S>{b. `mdÍ$Z (D26) d (D27) `m d°H$pÎ[H$
Ï`mª`mßMr g_VwÎ`Vm bjmV {̀B©b.

3
[ [•> 57, (25) [wT>{ ]

em{fU - oZ`_mßMr og’Vm
gm‹` : a _gmod (a bgmod b) =  a AmoU a bgmod ( a _gmod b) = a

og’Vm : g_Om a bgmod b = p ....(1)

∴ a ≤ p AmoU a Z{ p  bm oZ:e{f ^mJ OmVm{
∴ a _gmod p = a ....(2)

  ∴ a _gmod (a bgmod b) = a _gmod p = a, [(1) d (2)

dm[Í$Z]

`mM‡_mU{ Xwgam em{fU oZ`_ og’ H$aVm {̀B©b.
✰ ✰ ✰

[wpÒVH$m H´$. 28
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